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Abstract. This paper is a follow-up to an earlier paper [7j on desingularizations of Calabi-Yau 
3-folds with a conical singularity. In [7j we study Calabi-Yau 3-folds Mo with a conical singularity 
i^h | at x modelled on some Calabi-Yau cone V, and construct a desingularization of Mo by gluing in an 

Asymptotically Conical (AC) Calabi-Yau 3-fold Y to Mo at x. In this paper, we shall investigate a 
similar desingularization problem on special Lagrangian (SL) 3-folds in the corresponding Calabi- 
Yau 3-folds. More precisely, suppose Mo is now a Calabi-Yau 3-fold with finitely many conical 

■ singularities at Xi modelled on Calabi-Yau cones V% for i = 1, . . . , n, and No an SL 3-fold in Mo 
with conical singularities at the same points Xi modelled on SL cones d in V%. Let Yi be an AC 
Calabi-Yau 3- fold modelled on the Calabi-Yau cones Vi, and Li an AC SL 3- fold in Yi modelled 

■ on the SL cones d. We then simultaneously desingularize Mo and No by gluing in rescaled Yi and 
Li at each Xi. The construction is achieved by applying Joyce's analytic result Thm. 5.3] on 
deforming Lagrangian submanifolds to nearby special Lagrangian submanifolds. As an application, 
we take Mo to be the orbifold T 6 /Z3 and construct some singular SL 3-folds No in Mo and AC SL 
3-folds Li in the corresponding Yi, and glue them together to obtain examples of nonsingular SL 

' 3-folds in the desingularized Calabi-Yau 3-folds. 

B: 

> ■ 1 Introduction 

; i ■ Special Lagrangian (SL) submanifolds in Calabi-Yau manifolds play an important role 



in the explanation of a phenomenon in physics called Mirror symmetry. They are exam- 
ples of calibrated submanifolds, appearing in Harvey and Lawson |10j , which generalizes the 
concept of volume-minimizing property of complex submanifolds of Kahler manifolds. Let 
(M, J,u>, O) be a Calabi-Yau manifold of complex dimension m. Then Re(f2) is a calibrated 
form whose calibrated submanifolds are real m-dimensional special Lagrangian submanifolds 
(SL m- folds). Special Lagrangian submanifolds attracted much interest in connection with 
the SYZ conjecture proposed by Strominger, Yau and Zaslow |24| in 1996, which explains 
Mirror symmetry between Calabi-Yau 3-folds. Roughly speaking, the conjecture asserts 
that the mirror M of a Calabi-Yau 3-fold M can be obtained by some suitable compacti- 
fication of the dual of the SL T 3 -fibration on M. Therefore to find a compactification and 
understand the relations with the Mirror symmetry one should understand the singularities 
of the moduli space of SL m-folds. 
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Perhaps the simplest singularities to understand are isolated singularities modelled on 
SL cones. A lot of SL cones in C m have been constructed explicitly using various techniques, 
hence providing local models for conical singularities in SL m-folds in general Calabi-Yau 
m-folds. For example, Joyce J3| used large symmetry groups to construct SL cones. Hask- 
ins focused on dimension three and explored examples of SL cones in C 3 . 

Recently, Joyce has developed a comprehensive programme on the desingularization of 
SL m-folds with conical singularities in (almost) Calabi-Yau manifolds and their deforma- 
tion theory in his series of papers ^], E3> C3 an d CHI- The SL m-folds with conical 
singularities are desingularized by gluing in at the singular points some nonsingular SL in- 
folds in C m which are asymptotic to SL cones at infinity. 

In |7] we obtained a desingularization of Calabi-Yau 3-folds with a (or finitely many) 
conical singularity for the case A < —3 where A denotes the rate at which the Asymptoti- 
cally Conical (AC) Calabi-Yau 3-fold converges to the Calabi-Yau cone. The result on this 
case can be applied to desingularizing Calabi-Yau 3-orbifolds with isolated singularities. In 
the present paper we deal exclusively with the special Lagrangians inside the corresponding 
Calabi-Yau's, and simultaneously desingularize the Calabi-Yau and SL 3-folds with conical 
singularities by gluing in AC Calabi-Yau and AC SL 3-folds at each singular point. 

Throughout this paper Mq will denote a Calabi-Yau 3-fold with finitely many conical 
singularities at Xi with rate v modelled on Calabi-Yau cones Vl for i — 1 , . . . , n, and No an 
SL 3-fold in M with conical singularities at the same points Xi with rate modelled on 
SL cones C, in V%. We denote by Yi an AC Calabi-Yau 3-fold with rate A; modelled on the 
Calabi-Yau cones Vi, and Li an AC SL 3-fold with rate m in Yi modelled on the SL cones 
Ci . When we glue in a rescaled Yi to Mo at each x% as in |7j , we also glue in a rescaled Li to 
No at each x% . The idea of the special Lagrangian desingularization is to construct a family 
of nonsingular 3-folds N t in the family of nonsingular nearly Calabi-Yau 3-folds (see §3]) 
(Mt,0Jt,^t) so that Nt is Lagrangian in (M t , ui t , fl t ). Then Theorem 5.2 of [3| gives gen- 
uine Calabi-Yau 3-folds (Mt, Jt,6jt,&t). Choose a suitable coordinate/diffeomorphism ipt on 
Mt so that ut = ipt(ctUJt) 1 the pullback (J t , u) t , f2 t ) of (Jt,&t,£lt) under tp t is also a genuine 
Calabi-Yau structure on M t , and Nt is Lagrangian in the Calabi-Yau 3-folds (Mt, J t , ui t , f) t ) 
as well. The main analytic result we need in this paper is adapted from Joyce |lf>l Thm. 
5.3], in which he shows that when t is sufficiently small, we can deform the Lagrangian 
m-fold Nt to a compact nonsingular SL m-fold. The hypotheses in Joyce's theorem involves 
estimates of various kinds of norms of Im(f2t)|jv t . This suggest us to compute the term 
Im(fit) restricting on different regions of Nt. 

We shall introduce the notion of SL cones in SL m-folds with conical singularities in 
2] and AC SL m-folds in Sj5] Some examples of AC SL m-folds in AC Calabi-Yau m-folds 
will be given in H5.2I We then proceed to 3Blby establishing necessary notations and dis- 
cussing Joyce's analytic result. In UJwe construct Lagrangian 3-folds Nt by gluing in Li to 
Nq at each xt. Then in ^SJwe compute the estimates of the size of Im (f2t)|j\r t - We divide 
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the whole computation into three components, as given in equation (|8.1|) . Using the concept 
of local injectivity radius, together with a kind of isoperimetric inequality and the elliptic 
regularity result, we finally verify all the conditions, and so we are able to prove a result on 
SL desingularizations in ^ In the last section, H10I we illustrate our main result by taking 
an example of Calabi-Yau 3-folds with conical singularities, namely the orbifold T 6 /Z3, and 
perform the desingularization simultaneously for both Calabi-Yau and SL 3-folds with con- 
ical singularities. We use AC SL 3-folds from ^ 15.21 for gluing, thus obtaining various kinds 
of nonsingular SL 3-folds in the nonsingular Calabi-Yau 3-folds. 

Results related to the desingularization of SL m-folds can also be found, for instance, in 
Butscher 0], Joyce \Ijg\, Eli HH- an d Lee [201 - Butscher shows existence of SL connected 
sums of two compact SL m-folds (in C™ 1 with boundary) at one point by gluing in Lawlor 
necks (for definition, see JU). Joyce proves a desingularization result of SL m-folds with 
conical singularities in nonsingular almost Calabi-Yau m-folds by gluing in AC SL m-folds 
in C m . He also studies desingularizations in families of almost Calabi-Yau m-folds. Lee 
considers a compact, connected, immersed SL m-fold in a Calabi-Yau m-fold, whose self- 
intersection points satisfy an angle criterion. She uses Lawlor necks for gluing at the singular 
points. 

Acknowledgements. The author is very grateful to Dominic Joyce for suggesting this 
problem and for his continued support during the author's D.Phil study in Oxford. The 
author would also like to thank Nigel Hitchin and Mark Haskins for their helpful advice. 
This work appeared as a section of the author's D.Phil thesis, and was supported by the 
Croucher Foundation in Hong Kong. 

2 Review of the main results in [7] 

2.1 Nearly Calabi-Yau structure 

Let M be an oriented 6-fold. A nearly Calabi-Yau structure on M consists of a real 
closed 2-form u, and a complex closed 3-form £7 on M . Basically, the idea of a nearly 
Calabi-Yau structure (w, ft) is that it corresponds to an SU(3)-structure with "small tor- 
sion", and hence approximates a genuine Calabi Yau structure, which is equivalent to a 
torsion-free SU(3)-structure. Here is the definition taken from jjj Def. 3.1]: 

Definition 2.1 Let M be an oriented 6-fold, and let ui be a real closed 2-form, and f2 a 
complex closed 3-form on M. Write O = 0\ + 162, where B\ and O2 are both real closed 3- 
forms. Let eo S (0, 1] be a fixed small constant. Then {u>, Q) constitutes a nearly Calabi-Yau 
structure on M if 

(i) the real closed 3-form Q\ has stabilizer SL(3, C) at each point of M, 

then we can associate a unique almost complex structure J' and a unique real 3-form 
#2 such that Q' = 9\ + i0' 2 is a (3,0)-form with respect to J'; 
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(ii) the (l,l)-component a/ 1,1 ) of lo with respect to J' is positive, 

then we can associate a Hermitian metric qm on M from J' and the rescaled (1,1)- 
part lo' := f~s a/ 1,1 ) of w, where / : M — ► (0,oo) is a smooth function defined by 

( W (M))3 =/ .3^ Ae /. 

(iii) the following inequalities hold for some e with < e < eo^ 

|0 2 -^| 9M <e, (2.1) 

M 2 '% M <6,and (2.2) 

<e (2.3) 



where the norms | • \ 9M are measured by the metric gu- 

If (lo, f2) is a nearly Calabi-Yau structure on M , one can show that the function / satis- 
fies \f — 1| < Cqe for some constant Co > 0, i.e. / is approximately equal to 1 for sufficiently 
small e, as we would expect. 

From the above definition we know that (J', lo' , f2') gives rise to an SU(3)-structure with 
metric gM on M , that is, lo' is of type (1,1) w.r.t. J' and is positive, W is of type (3,0) w.r.t. 
J' and the normalization formula lo' 3 = ^ fi' A &' (= | 6\ A 6*3) holds. 

The next result Prop. 3.2] shows that if M admits a genuine Calabi-Yau structure, 
then any real closed 2-form ui and complex closed 3-form on M which are sufficiently close 
to the genuine Calabi-Yau structure gives a nearly Calabi-Yau structure. We will use the 
notation g~ l to denote the induced metric on the cotangent spaces. 



Proposition 2.2 There exist constants ei,C,C > such that whenever < e < e±, the 
following is true. 

Let M be an oriented 6-fold. Suppose (J, Co, £1) is a Calabi-Yau structure with Calabi- 
Yau metric g, lo a real closed 2-form, and O = 6\ + 162 a complex closed 3-form on M , 
satisfying 

\Cb - io\g < e and \Q - < e, (2.4) 
then (lo, O) is a nearly Calabi-Yau structure on M with metric gM satisfying 

\g - g M \g < Ce and IF 1 - 9m \§ < C ' e i ( 2 - 5 ) 



Let (lo, O) be a nearly Calabi-Yau structure on M . Then (J', lo', W) is an SU(3)-structure 
with metric gM on M . Now we consider the 7-dimensional manifold S 1 x M, with s being 
a coordinate on S 1 . From the SU(3)-structure ( J', lo' , fl') one can induce a G2-structure 
(with torsion) on S 1 x M by the following construction. Define a 3-form ip' and a metric g' 
on S 1 x M by 

lo' = ds A lo' + 6t and g' = ds 2 +g M - (2.6) 
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For an introduction to G2-structures, see for example ^1 Chapter 10]. The associated 
4-form * g 'ip' on S 1 x M is then given by 

* g xp' = - J l\d -ds A9' 2 . (2.7) 

Also, we can construct from the nearly Calabi-Yau structure (to, £1) another 3- form ip and 
4-form x on S 1 x M by 

tp = dsf\uj + 9 1 and x — ^ ^ A u> - ds A 9 2 . (2.8) 

The next lemma [7| Lem. 3.3] shows that the forms in 1)2. 8fl arc close to the G2-forms 
ip' and * g np' if we take eo in the definition of nearly Calabi-Yau manifolds to be sufficiently 
small. 

Lemma 2.3 There exist constants C\,C 2 ,C 3 and G4 > such that if e in Definition 
\2.1\ is chosen sufficiently small, then the following is true. 

Let (ip',g') be the G 2 -structure given by $2.6)) . * g >(p' the associated 4-form given by \2. 7| ). 
ip the 3- form and x the 4-form given by $2.8\) on S 1 x M . Then 

\<p-<pf\g> <Cie (2.9) 

where e € (0, eo] is the small constant in (Hi) of Defjnition \2.R Hence ip is also a positive 
3-form on S 1 x M, and it defines another G 2 -structure (<p,g). Moreover, the associated 
metric g and the 4-form * g (p satisfy 

\g-g'\ g , <C 2 e, {g' 1 ~ g'' 1 ^ < C 3 e and (2.10) 
\* g ip- X \ g > <C 4 e. (2.11) 



2.2 An existence result for Calabi-Yau structures on M 

We present here the main analytic result [3 Thm. 3.10] on deforming the nearly Calabi- 
Yau structure {w, CI) to a genuine Calabi-Yau structure on M, given that eo is small enough. 
The proof is based on an existence result for torsion-free G2-structures given by Joyce |121 
Thm. 11.6.1], which shows using analysis that any G2-structure on a compact 7- fold with 
sufficiently small torsion can be deformed to a nearby torsion-free G2-structure. The fol- 
lowing 7, Thm. 3.9] is a modified version of Joyce's result ^3 Thm. 11.6.1], giving the 
existence of an ^-invariant torsion-free G2-structure on the 7-fold S* 1 x M: 

Theorem 2.4 Let k > and Di, D 2 , D3 > be constants. Then there exist constants 
e £ (0, 1] and K > such that whenever < t < e, the following is true. 

Let M be a compact 6-fold, and (ip,g) an S 1 -invariant G 2 -structure on S 1 x M with 
d(p = 0. Suppose xp is an S 1 -invariant smooth 3-form on S 1 x M with d*ip — d*ip, and 
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(i) UWl- < U\\ C o < Dif and \\d*iP\\ L n < 

(ii) t/ie injectivity radius 6(g) satisfies 6(g) > Z^i, arl ^ 

(iii) ifte Riemann curvature R(g) satisfies \\R(g)\\ c o < D 3 t~ 2 . 

Then there exists a smooth, torsion-free S 1 -invariant G2-structure (<p,g) on S 1 x M such 
that \\{p - ip\\ c o < Kt K and [<p] = [ip] in H 3 ^ 1 x M, R) . 

The proof of Theorem 12.41 depends upon the two results in [7| Thm. 3.7 & 3.8]. We 
mention here that we shall need improved versions of those two results to obtain a better 
estimate of \\ip~ — <p\\c° for the special Lagrangian desingularization (see jJBJl. We refer to the 
spaces L q , L q k , C k and C > a as the Banach spaces defined in §1.2]. 

With the help of Theorem l2.4l we present the following existence result Thm. 3.10] 
for genuine Calabi-Yau structures. The basic idea is that we start with the nearly Calabi- 
Yau structure (w,f2) on M, then one can induce a G2-structure (<p, g) on S 1 x M. Under 
appropriate hypotheses on the nearly Calabi-Yau structure (lo, CI), the induced G2-structure 
satisfies all the conditions in Theorem 12.41 and therefore can be deformed to have zero tor- 
sion. The Calabi-Yau structure on M can then be obtained by pulling back this torsion-free 
G2-structure. 

Theorem 2.5 Let k > and E±, E%, E$ , E\ > be constants. Then there exist constants 
e £ (0, 1] and K > such that whenever < t < e, the following is true. 

Let M be a compact 6-fold, and (u>,Cl) a nearly Calabi-Yau structure on M. Let to' , gu 
and 6' 2 be as in Definition ^. 11 Suppose 

(i) ||u - u'\\ L 2 < E^+ K , Hw-w'Hco <E ± t K , \\6 2 ~0! 2 \\ L 2 < E 1 i 3 +\ 
and \\8 2 - 0' 2 \\c« < E x t K , 

(ii) \\\/(uj-uj')\\ l i2 <E l t-^+ K , ||Vw|| L i2 < E 1 t-^+ K , 
and ||V0i|| L i2 < Eit-* +K , 

(iii) \\V(ui- ui')\\ C o < E 2 t K - x , and || V 2 (cj - oj')\\ c ° < E 2 t K - 2 , 

(iv) the injectivity radius 5(gm ) satisfies <$(<7m) > E 3 t, and 

(v) the Riemann curvature R(gm) satisfies \\R(gAi)\\c° — E±t . 

Then there exists a Calabi-Yau structure (J, u), 0) on M such that \\uj — uj\\ c o < Kt K and 
\\Cl — fl\\c a < Kt K . Moreover, if H 1 (M,M) = 0, then the cohomology classes satisfy [Re(f2)] 
= [Re(f2)] £ H 3 (M,R) and [uj] = c[Q] £ H 2 (M,R) for some c> 0. Here the connection V 
and all norms are computed with respect to gM. 
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2.3 Calabi-Yau cones, Calabi-Yau manifolds with conical singularities and 
Asymptotically Conical Calabi-Yau manifolds 



Here we summarize §4 of in which Calabi-Yau cones, Calabi-Yau manifolds with 
a conical singularity and Asymptotically Conical (AC) Calabi-Yau manifolds are defined. 
Note that in this paper we shall extend the situation in [7j by considering Calabi-Yau man- 
ifolds with finitely many conical singularities, and we always use n to denote the number 
of these singular points. Moreover, we shall make the following definitions in m complex 
dimensions for now; later m will be 3. 

We start with the definition of Calabi-Yau cones Def. 4.1]: 

Definition 2.6 Let T be a compact (2m — l)-dimensional smooth manifold, and let V = 
{0} U V where V' = T x (0, oo). Write points on V' as (7, r). is called a Calabi-Yau cone 
if V is a Calabi-Yau m-fold with a Calabi-Yau structure ( Jy , wy, fly) and its associated 
Calabi-Yau metric gv satisfying 

9v =r 2 g v \rx{i} +dr 2 , uj v = r 2 uj v \ rx{1} + rdr A a 

(2.12) 

and VL V = r m fty| rx {i} +r m - 1 dr A f3. 

Here we identify T with T x {1}, and a is a real 1-form and (3 a complex (m — l)-form on 
r. We also call V the link of V. 



In terms of Sasaki-Einstein geometry, a Riemannian manifold (M, g) of dimension (2m — 
1) is Sasaki-Einstein if and only if the cone over M with metric r 2 g + dr 2 is Calabi-Yau, 
i.e. a Calabi-Yau cone. Thus in our case, V is a Calabi-Yau cone is equivalent to T being 
Sasaki-Einstein. The canonical example of a Sasaki-Einstein manifold is given by an odd- 
dimensional sphere S 2 ™ -1 . The Calabi-Yau cone over it is then C m with its flat metric. 
There has been considerable interest recently in Sasaki-Einstein geometry due to a new 
construction of an infinite family of explicit Sasaki-Einstein metrics on five dimensions, par- 
ticularly on S 2 x S 3 |U] . Much work has been done by Boyer and Galicki on Sasaki-Einstein 
and 3-Sasakian geometry, see for examples and 

One can define the radial vector field X on the Calabi-Yau cone V, the contact 1-form 
a on the link T and the Reeb vector field Z = JyX on T as in §4.1 of [7|. The flow of Z 
generates the diffeomorphism exp(8Z) on T for each € R. Thus for each flgl and t > 0, 
there is a complex dilation A on V given by A(0) = and X(j,r) — (exp(8Z)(j), tr). The 
scaling behaviour of A is given in [7J Lem. 4.2]. 

Here is a nontrivial example of a Calabi-Yau cone, taken from 7, Example 4.3]: 
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Examples 2.7 Let G be a finite subgroup of SU(m) acting freely on C m \ {0}, then the 
quotient singularity C m /G is a Calabi-Yau cone. An example of this type is given by the 
Z m -action: define an action generated by £ on C m by 

C fc • (zi,...,z m ) = (C fe zi, . . . ,C fc z m ) 

where C = e 27 ™/™ and < k < m - 1. Note that ( m = 1, so Z m = {1, C, • • . , C" 1 " 1 } is a 
subgroup of SU(m) and acts freely on C m \{0}. Then C m fZ m is a Calabi-Yau cone, with 
the Sasaki-Einstein link /Z m . 

Next we define Calabi-Yau m-folds with finitely many conical singularities Def. 4.6]. 
As we have mentioned, we shall consider the case when there are not only one but n conical 
singular points. Note that in this paper we always assume the existence of Calabi-Yau 
metrics on such kind of singular manifolds. A class of Calabi-Yau m-folds with conical 
singularities are given by orbifolds, in which case the existence of such singular Calabi-Yau 
metrics is known (see ^| Thm. 6.5.6]). 

Definition 2.8 Let (Mo, Jo, ujq, fio) be a singular Calabi-Yau m-fold with isolated singu- 
larities x\, . . . , x n G Mo, and no other singularities. We say that Mo is a Calabi-Yau m-fold 
with conical singularities Xi for i = 1, . . . , n with rate v > modelled on Calabi-Yau cones 
(Vi, Jy i ,LOy i , f^vi) if there exist a small e > 0, a small open neighbourhood Si of Xi in Mo, 
and a diffeomorphism $i : T, x (0, e) — ► Si \ {xi} for each i such that 

|V fc ($*M - uvJ| gVi = 0(r"- k ), and (2.13) 
|V fe ($*(ft ) - fVJIav, = 0{r u - k ) as r ->■ and for all k > 0. (2.14) 
Here L^ is the link of Vi, and V, | • \ gv . are computed using the cone metric gvi- 

Note that the asymptotic conditions on go a- n d Jo follow from those on ojq and Qq, 
namely, 

|V fc ($*( 50 ) - QvXvi = 0{r»~ k ), and (2.15) 
|V fe ($*(^o) - JVi)\g Vi = 0{r v - k ) as r -> and for all fc > 0, (2.16) 
and so it is enough to just assume asymptotic conditions on ojq and f2o- 

We will usually assume that Mo is compact. The point of the definition is that Mo is 
locally modelled on Ti x (0, e) near Xi, and as r — > 0, all the structures go,Jo,u>o and Slo 
on Mo converge to the cone structures gy i , Jy i , ujy i and Qy, with rate v and with all their 
derivatives. 

Two diffeomorphisms, or two coordinate systems, $j and ^\ are equivalent if and only 
if the following relation holds: 

|V fc ($i-$;)| 9v . =0{r v+1 ~ k ) as r -» and for all fc > 0. (2.17) 



Here we interpret the difference between $i and <f>^ using focal coordinates on the image 
Si \ {xi}. Thus if <I>i and ^ are equivalent, we have 

|V fe ($*M- W yJU <|V fc ($*M-(^rM)| ffn + |V fc ((*D>o)-^)|^ 
= 0(r^ fe ) + |V fe ((^)*M-^)l 9 v s 
and we see that $^ satisfies l|2.13[) (and similarly (|2.14|) ) if and oniy if ^ does. 

The 2-forms $*(wo) and wy 4 are closed on I\ x (0, e) and so Q*(uiq) — ujy i represents a 
cohomology class in H 2 (Ti x (0,e),R) = iJ 2 (I\,R). Similarly, $*(fio) — ^v, represents a 
cohomology class in H m {Yi x (0,e),C) ^ /f m (r i5 C). ft follows from Lem. 4.7] that in 
the conically singular case, these two classes [$*(wo) — wvj and [$*(fio) — ^v*] are automat- 
ically zero. Moreover, there is a Darboux theorem in [71 Thm. 4.9] asserting that locally 
the symplectic form luq near the conical singular point Xi is symplectomorphic to the cone 
form ujy i near the origin. 

Now we proceed to define Asymptotically Conical (AC) Calabi-Yau m-folds pj Def. 
4.10]. 

Definition 2.9 Let (V, Jy, wy, Qy) be a Calabi-Yau cone of complex dimension m with 
link r which is a compact Sasaki-Einstein (2m— l)-fold. Let (Y, Jy,ujy, Qy) be a complete, 
nonsingular Calabi-Yau m-fold. Then Y is an Asymptotically Conical (AC) Calabi-Yau 
m-fold with rate A < modelled on (V, Jy,ojy, fV) if there exist a compact subset K C Y, 
and a diffeomorphism T : L x (_R, oo) — > Y \ K for some i? > such that 

|V fc (Tf>y) - = 0(r x - k ), and (2.18) 

|V fc (T*(fV) - ttv)\ gv = 0(r x - k ) as r -> oo and for all k > 0. (2.19) 

Here V and | • | are computed using the cone metric gy . 

Similar asymptotic conditions on <?y and Jy can be deduced from (|2.18() and (|2.19l) . The 

coordinates T and T' are equivalent if and only if |V fc (T — T')| ffv = 0(r A+1_fe ) as r — > oo 
and for all k > 0. 

Remark 2.10 If Y is an AC Calabi-Yau m-fold which is not a C"\ then Y can only 
have one end, or equivalently, the link L is connected. One can show this by using the 
Cheeger-Gromoll splitting theorem (see for example ^ §6.G]). Suppose Y has more than 
one end. As Y is complete and Ricci-fiat, Chccgcr-Gromoll splitting theorem tells us that 
we can always split off a line so that Y is isometric to a product N x C, where C carries 
the Euclidean metric. Now, either N is a flat C m_1 , in which case Y = C m , or N has 
nonzero curvature at some p € N, in which case the curvature of N x C is of order 0(1) as 
we go to infinity in {p} x C. But then this contradicts the AC condition which requires the 
curvature to decay at 0(r~ 2 ). Therefore Y cannot have more than one end, and so from 
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now on, we shall always take the link T to be a compact, connected (2m — 1) -dimensional 
Sasaki-Einstein manifold. 

Unlike the conical singularity case, [T*(wy) — wy] and [T*(f2y) — fly] need not be zero 
cohomology classes. The result in Lem. 4.11] shows that if A < —2 or H 2 (T,M.) — 0, 
then [T*(lo y )-uj v ] = 0; if A < -m or H m (T,C) = 0, then [T*(fiy) - fly] = 0. There is an 
analogue of Darboux Theorem [3 Thm. 4.12] for AC Calabi-Yau m-folds with rate A < —2. 

In this paper we shall consider the simplest case A < —3 so that T*(ujy) — and 
T*(Oy) — fly are always exact for AC Calabi-Yau 3-folds. 

Here is an example of AC Calabi-Yau m-fold, taken from 7 , Example. 4.13]: 

Examples 2.11 Let G be a finite subgroup of SU(m) acting freely on C m \ {0}, and 
(X, 7r) a crepant resolution of the Calabi-Yau cone V — C m /G given in Example 12. 71 Then 
in each Kahlcr class of ALE Kahler metrics on X there is a unique ALE Ricci-flat Kahlcr 
metric (see Joyce ^21; Chapter 8) and X is then an AC Calabi-Yau m-fold asymptotic to 
the cone C m /G. In this case, it follows from |12l Thm. 8.2.3] that the rate A is —2m. 

If we take G = Z m acting on C m as in Example 12.71 then a crepant resolution is given 
by the blow-up of C m /Z m at 0, which is also the total space of the canonical line bundle 
Kcpm-i over CP m_1 . An explicit ALE Ricci-flat Kahler metric is given in |SJ p. 284-5] and 
also in |12l Example 8.2.5]. 

2.4 Theorem on desingularizing Calabi-Yau 3-folds 



We study the desingularization of a compact Calabi-Yau 3-fold Mq with conical singu- 
larities using an AC Calabi-Yau 3- fold Yi with rate Ai < —3 for i = 1, . . . , n. We explicitly 
construct a 1-parameter family of diffeomorphic, nonsingular compact 6-folds Mt for small t, 
and construct a real closed 2-form cot and a complex closed 3-form fit on Mt so that (ut, fit) 
gives a nearly Calabi-Yau structure on Mt for small enough t. Finally we state the main 
result on Calabi-Yau desingularizations [3 Thm. 5.2], asserting that the nearly Calabi-Yau 
structure (wt,fi t ) on M t can be deformed to a genuine Calabi-Yau structure (oj t , fit) for 
small t, using Theorem 12. 51 

Let (Mo, Jo, wo, fio) be a compact Calabi-Yau 3-fold with conical singularities with 
rate v modelled on Calabi-Yau cones (Vi, Jy i , ujy i , fly i ) for i = 1, . . . , n. Then there exists an 
e > 0, a small open neighbourhood Si of Xj in M and a diffeomorphism ^ : I\ x (0, e) — ► 
Si \ {xi} for each i such that ^*(uj ) = Wy i . 
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Let (Yi, J Yi , Wyj, f2y 4 ) be an AC Calabi-Yau 3-fold with rate < —3 modelled on the 
same Calabi-Yau cone V%. Then there is a diffeomorphism Tj : 1^ x (R, oo) — > Yi \JQ for 
some R > such that 

T*(u, ri ) = Wvi and \V k (T*(Sl Yi ) ~ Vj )| ffVj = 0(r A '~ fe ) 

as r — > oo for all k > 0. We then apply a homothety to Yi such that 

(Y t , J r< , w Kl , fiyj ► (i;, j Yi , t 2 Lj Yl , t 3 n Yi ) . 

Then (Y;, J Y , t 2 uj Yi , t 3 tt Yi ) is also an AC Calabi-Yau 3-fold, with the diffeomorphism T t ,i : 
Ti x (tR, oo) — > Yi \ K~i given by 

T M ( 7 ,r) = T i ( 7 ,r 1 r). 
Fix a S (0, 1) and let £ > be small enough that tR < t a < 2t a < e. Define 
P t ,i = K,\J T tji (T< x (fP, 2i a )) C Y and 

Q t -Mo\|J^( r ^ x ( ' <a )) cM o 

The diffeomorphism ^oT" 1 identifies x (t a , 2t a )) c P M and ^(r, x (i Q , 2t Q )) C Q t , 

and we define the intersection P tt i D Qt to be the region T ti i(I\ x (t a ,2t a )) = <&i (T;; x 
(t a ,2t a )) ^TiX (t a , 2t a ). Define M t to be the quotient space of the union flj™ =1 P t ,i) U Qt 
under the equivalence relation identifying the two annuli T t ^iTi x (t a ,2t a )) and $i(T{ x 
(f a , 2i Q )) for i = 1, . . . , n. Then M t is a smooth nonsingular compact 6-fold for each t. 

Now we construct on M t a real closed 2-form Lo t and a complex closed 3-form f2 t , and 
show that they together give nearly Calabi-Yau structures on M t for small enough t. Define 

!oj on Q t , 
t 2 oj Yi on P t ,i for i — 1, . . . , n. 

This is well-defined as <£>,*(cjo) = cdvj = T J 1 4 (i WyJ on each intersection P t ,i n Qt. Thus Wt 
gives a symplectic form on Mf. 

Let F : K — ► [0, 1] be a smooth, increasing function with F(s) — for s < 1 and 
F(s) = 1 for s > 2. Then for r S (iP,e), F(t- a r) = for ti? < r < t Q and F(t-°r) = 1 
for 2i Q < r < e. We now define a complex 3-form on Mf. From (|2.14|) . we have |$*(Jlo) — 
riyj gv . = C^r"). As v > 0, it follows that <&* (ilo) — f&v 4 is exact, and we can write 

$*(n )=n Vi +dAi (2.20) 

for some complex 2-form Ai(j,r) on Tj x (0, e) satisfying 

\V k Ai{j,r)\ gv . = 0{r u+1 - k ) asr^O for all fc > 0. (2.21) 

Similarly, as we have assumed Xi < —3 to simplify the problem, the 3-form Y*(f2y) — f2y 4 
is exact and we can write 

T*(fl Yi ) = n Vi +dBi 
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for some complex 2-form Pj(7, r) on I\ x (P, oo) satisfying 

|V fc Bi(7,r)| 9v . = 0(r A * +1 - fc ) as r -> oo and for all k > 0. 

Then we apply a homothety to and rescale the forms to get Bi(j, i _1 r) on Ti x (tR, oo) 
such that 

T^ftyJ = n Vt + t 3 dB l (j,r 1 r) (2.22) 

and 

|V fc B l (7,r 1 r)| 3v , i = 0(t- A -3 r Al+1 " fc ) for r > tR and for all fc > 0. (2.23) 
Define a smooth, complex closed 3-form il t on M t by 

(n on Q t \ [(ur=i^,i)nQ t ], 

Of = < Vi + d[F(*- a r)A i ( 7 , r) + f 3 (l - F(t- a r))Bi{i, t~ l r)] on P M n Q t , for i = 1, . . . , n, 
[t 3 ^ on P M \ (P M n Q t ) for i = 1, . . . , n. 

(2.24) 

Note that when 2t a < r < e we have F(t- a r) = 1 so that fi« = $*(O ) by l|£2U)l . and 
when tR <r <t a we have F(t~ a r) = 0, so that fi t = TJ^fiyJ by (|2~22l . Therefore, fi t 
interpolates between $*(Oo) near r = e and Y^f^fiyJ near r = tR. 

Recall that if we get a real closed 2-form uj and a complex 3-form Q, which are sufficiently 
close to the Kahler form u> and the holomorphic volume form fi of a Calabi-Yau structure 
respectively, then Proposition 12.21 tells us that (w,f2) gives a nearly Calabi-Yau structure 
on the manifold. Making use of this idea, we have the following 7 Prop. 5.1]: 

Proposition 2.12 Let M t , Lo t and Q t be defined as above. Then (uj t ,£l t ) gives a nearly 
Calabi-Yau structure on M t for sufficiently small t. 

Therefore we can associate an almost complex structure Jt and a real 3-form 9' 2 t such 
that fl' t := Re(fi t ) + i9' 2 t is a (3,0)-form w.r.t. Jt- Moreover, we have the 2-form oj' t , which 
is the rescaled (l,l)-part of u>t w.r.t. Jt, and the associated metric gt on M t . Following sim- 
ilar arguments to Proposition ^. 21 we conclude that \g t — flvjgy = 0{tr Xi ^-~ a ') + 0(t av ) = 

Here is our main result Thm. 5.2] on the desingularization of compact Calabi-Yau 
3-folds Mo with conical singularities in the simplest case < —3, assuming the existence 
of singular Calabi-Yau metrics on them: 

Theorem 2.13 Suppose (Mq, Jq,ujq,Qo) is a compact Calabi-Yau 3-fold with conical sin- 
gularities Xi with rate v > modelled on Calabi- Yau cones (Vi , Jy 4 , u>v t , ^ v t ) f or i = 1, ■ ■ ■ ,n. 
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Let (Yi, Jy t , t+>Yi , &Yi) be an AC Calabi-Yau 3-fold with rate Xi < —3 modelled on the same 
Calabi-Yau cone Vi. Define a family (M t , u>t, fit) of nonsingular compact nearly Calabi-Yau 
3-folds, with the associated metrics gt as above. 

Then M t admits a Calabi-Yau structure («7t, &t, fit) such that \\uj t — u>t\\c° < Kt K and 
||fij — fit < Kt K for some K, K > and for sufficiently small t. The cohomology classes 
satisfy [Re(fi t )] = [Re(fi f )] € H 3 (M t ,R) and [u t ] = c t [ui t ] e H 2 (M t , M) /or some c t > 0. 
-ffere aZZ norms are computed with respect to g t . 

We conclude by applying the above result to the examples given in M2.3I Consider the 
situation in Example 1 2. 1 H and take m = 3. Then the crepant resolution X of the Calabi-Yau 
cone C 3 /G is an AC Calabi-Yau 3-fold with rate —6. Thus Theorem 12.131 applies and we 
can desingularize any compact Calabi-Yau 3-fold M with conical singularities modelled on 
C 3 /G, or equivalently, any Calabi-Yau 3-orbifold with isolated singularities, by the gluing 
process. Note that in general we have to assume the existence of singular Calabi-Yau metrics 
on manifolds with conical singularities, but in the orbifold case, there is a result asserting 
the existence of Calabi-Yau metrics: if M is a compact Kahler orbifold with c\(M) = 0, 
then there is a unique Ricci-flat Kahler metric in each Kahler class on M (see for instance 
[H Thm. 6.5.6]). 

If we take G = Z3 , a standard example of compact Calabi-Yau 3-orbifold with isolated 
singularities is given in PI Example 6.6.3]. Define a lattice A in C 3 by 

A = I? ® QI? = {(01 + 61 C, a 2 + 02C, a 3 + b 3 () : aj,bj G Z} 

where ( = — ^ + i^ — e 2m / 3 denotes the cube root of unity. Let T 6 be the quotient 
C 3 /A, with a flat Calabi-Yau structure (J, u, fi). Write points on T 6 as (zi 7 z 2 , Z3) + A for 
(zi, Z2,z 3 ) S C 3 . We can also regard T 6 as the product of three T 2 's where each T 2 is the 
quotient C/(Z® Q%). 

Define an action generated by C, on T 6 by 

C : {zi,z 2 ,z 3 ) +Al ► (C^l,C^2,C^3) + A. 

This ^-action is well-defined, as (■ A = A. The group Z3 = {1, (, £ 2 } is a finite group of auto- 
morphisms of T , preserving the flat Calabi-Yau structure on it. Thus the toroidal orbifold 
T 6 /Z3 is a Calabi-Yau 3-orbifold, which can also be expressed as C 3 /A, where A is the group 
generated rotations by £ and translations in A. Write points on T 6 /Z 3 as Z3 • (zi, z 2 , £3) + A. 

In each T 2 there are three fixed points of ( located at 0, \ + ^7=, -^=. The element 
£ 2 = clearly has the same fixed points. Altogether the orbifold T 6 /Z 3 has then 27 
isolated singularities. Note that | + = ^= — £, so we write the 27 fixed points on T 6 as 

f i 2i 1 

|(ci,c 2 ,c 3 ) + A : ci,c 2 ,c 3 € {0, -^=,-^=} j. 



13 



Now these singular points are locally modelled on the Calabi-Yau cone C 3 /Z3, thus making 
the orbifold T 6 /Z3 a Calabi-Yau 3-fold with conical singularities. Applying Theorem 12. 131 
we can desingularize T 6 /Zs by gluing in AC Calabi-Yau 3-folds Kq P 2 (with rate —6) at the 
singular points, obtaining a Calabi-Yau desingularization of T 6 /Z 3 . 

Now the Schlessinger Rigidity Theorem }23| states that if G is a finite subgroup of 
GL(m,C) and the singularities of C m /G are all of codimension at least three, then C m /G is 
rigid, i.e. it admits no nontrivial deformations. It can then be shown by using this rigidity 
theorem that if we desingularize a Calabi-Yau 3-orbifold with isolated singularities modelled 
on C 3 /Z3 by gluing, we shall obtain a crepant resolution of the original orbifold. 

On the crepant resolution the existence of Calabi-Yau metrics is guaranteed by Yau's 
solution to the Calabi conjecture [251 - However, it does not provide a way to write down 
the Calabi-Yau metrics explicitly, and so in general we do not know much about what the 
Calabi-Yau metrics are like. But in the orbifold case, our result tells a bit more by giving 
a quantitative description of these Calabi-Yau metrics, showing that these metrics locally 
look like the metrics obtained by gluing the orbifold metrics and the ALE metrics on the 
crepant resolution of C 3 /G. 

3 Special Lagrangian cones and their Lagrangian 

Neighbourhoods 

We shall keep on using the definitions and notation established in Based on these 
settings, the corresponding kind of special Lagrangian submanifolds are defined. In this 
section we consider special Lagrangian cones in Calabi-Yau cones. Again, we make the 
definitions in an d El in m complex dimensions and later m will be 3. 

Definition 3.1 Let C be an SL m-fold, which is closed and nonsingular except at 0, in 
the Calabi-Yau cone (V, Jy,ix>v, fiy)' Then C is an SL cone in V if C' = C \ {0} can be 
written as E x (0, 00) for some compact, nonsingular (to — l)-dimensional submanifold E of 
the link V of V . Let gc be the restriction of the Calabi-Yau cone metric gy to C. 

We call E the link of the SL cone C . Here we can allow E to be disconnected, or equiv- 
alently C' disconnected, though we have assumed L is connected. 

The fact that the SL cone C' = E x (0, 00) is Lagrangian in the Calabi-Yau cone 
V = r X (0, 00) implies E is a (to — l)-dimensional Legendrian submanifold in L. On 
the Calabi-Yau cone V, there is a complex dilation A^g ■ V — ► V, given by \t,e{n,r) — 
(exp(0Z)(i), tr) for 6 € K and t > 0, where Z = J V X and X = r-§p. When 9 = 0, \ t , 
gives a "real dilation" (7, r) 1— > (7, tr), and the cone C is therefore invariant under this real 
dilation, i.e. C — A ti o(C) for all t > 0. We note that A tj o(C) is still special Lagrangian in V 
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since 

= A t * (w y | c ) = t 2 uj v \ XtMC) , and = A* (Im(O v )| c ) = t m Im(n v )\ Xto{c) . 

Let i : E x (0,oo) — > L x (0,oo) be the inclusion map given by t(cr, r) = (cr, r). Wc 
identify S = Sx {1}. Let (cr, r) G E x (0,oo). A 1-form on £ x (0, oo) at the point (cr, r) 
can be expressed as r\ + cdr, where rj S T*Y, and cel. Use (a,r,i],c) to denote a point 
in Tf ^(£ x (0, oo)). Identify S x (0, oo) as the zero section {(cr, r, rj, c) : f] = c = 0} of the 
cotangent bundle T*(£ x (0, oo)). Define a dilation action on T*(£ x (0,oo)) by 

t ■ (a,r,r],c) = (a,tr,t 2 r],tc), (3.1) 

where t 6 R + . This i-action restricts to the usual dilation on the cone £ x (0, oo), 
and the pullback of the canonical symplectic form w can on T*(£ x (0,oo)) by t satisfies 

The Lagrangian Neighbourhood Theorem |22l Thm. 3.33] shows that any compact La- 
grangian submanifold N in a symplectic manifold looks locally like the zero section in T*N. 
We are going to extend the Lagrangian Neighbourhood Theorem to special Lagrangian cones 
C in the Calabi-Yau cones V: 

Theorem 3.2 With the above notations, there exist an open tubular neighbourhood Uc of 
the zero section £ x (0, oo) in T*(S x (0, oo)), which is invariant under the t-action, and an 
embedding ^>c '■ Uc — ► V = T x (0, oo) such that 

*c|s iX (o,oo) = k, *c( w v)=w can and ^ c ° t = X t ,o ° *c 
fort € R + , where t acts on Uc as in and \ t ,o is the dilation on the Calabi-Yau cone V . 

Theorem 13 . 21 can be proved by arguing in the same way as in the proof of |141 Thm. 4.3], 
which applies |14l Thm. 4.2], a version of a result of Weinstein on Lagrangian foliations. 
Here is the rough idea. In order to use Theorem 4.2 of ^1], we need a smooth family £( CT ,r) °f 
noncompact Lagrangian submanifolds in L x (0, oo) containing the point (cr, r) and transverse 
to E x (0, oo) at (cr,r), i.e. T^L^ nT (<T)r )(E x (0, oo)) = {0}, with L( CT , tr ) = Xt.o (£( CT ,r))- 
Since E = E x {1} is compact, it is possible to choose such a family for r = 1, i.e. we can 
choose noncompact Lagrangian submanifolds L{a,i) f° r au c G E, transverse to E x (0, oo) 
at (cr, 1). Define L( a ,r) — -V,o {L( a ,i)), then the family {Lu t7 .\ : (cr, r) S Ej x (0, oo)} is what 
we need. 

As we shall see, the Lagrangian neighbourhoods for C, together with the Lagrangian 
neighbourhoods for (SL 3-fold with conical singularities) and L (AC SL 3-fold), are use- 
ful in the analytic result in Theorem 16. II as we will glue all these neighbourhoods together. 
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4 SL m- FOLDS WITH CONICAL SINGULARITIES 



After defining SL cones in Calabi-Yau cones, we now define SL m-folds N with conical 
singularities. Essentially, N is an SL m-fold in some Calabi-Yau m-fold M with conical 
singularities at afi, . . . , x n , and it is asymptotic at Xi, . . . ,x n to the SL cones C\, . . . , C n in 
the Calabi-Yau cones V\ , . . . , V n . The idea is to define Nq as a graph of some 1-form Q on 
Ci near Xi for i — 1, . . . , n. The fact that Nq is Lagrangian implies Ci 1S a closed 1-form. 
Moreover, for Nq to approach d near Xi, Q should decay at least like 0(r) which then 
implies Q is m fact exact. As a result, we are able to express Nq as a graph of some exact 
1-form den near Xi. Here is the precise definition of SL m-folds with conical singularities: 

Definition 4.1 Let Nq be a singular SL m-fold in a Calabi-Yau m-fold M with conical 
singularities at X\, . . . , x n and with rate v > 0. Suppose Nq is also singular at X\, . . . ,x n and 
has no other singularities. Then Nq is an SL m-fold with conical singularities at x±, . . . , x n 
with rate \i S (1, v + 1), modelled on SL cones C±, . . . , C n , if there exist an open neighbour- 
hood Tj C Si of Xi in Nq, and a smooth function a, on S, x (0, e') for i — 1, . . . , n and e' < e, 
satisfying 

|V fe ai | gCi = 0{r^ +1 ~ k ) as r and for all fc > 0, (4.1) 

computing V and | • \ ga using the cone metric gc i: such that 

T i \{x i }=* i o* Ct (r(da i )) (4.2) 

where ■ Uc t — ► V( is the embedding from the Lagrangian neighbourhood Uc t to the 
Calabi-Yau cone V{, and T(dai) is the graph of the 1-form dai. From Ij4.1|l . dai has rate 
0(r M ) as r — > 0, which shows it is a small 1-form, and by making e smaller if necessary, the 
graph r(d<Xj) of dai lies in Ud- 

We require the rate \i to be greater than 1 to ensure approaches the cone Ci near Xi. 
For the upper bound, we choose n to be less than v + 1 so that whether No is an SL m-fold 
with conical singularities with rate /i is independent of the choice of the diffeomorphisms or 
coordinates $i amongst equivalent coordinates. Recall that two coordinates $i and are 
equivalent if and only if l|2.17|l holds. From l|4.2|). T l \ {a;,} is written as o (r(da,)). If 
a' i is another smooth function such that Tj \ {2;^} = $^ o 5 ( c'i(r((ia^)) under the coordinate 

then 

\V k+1 <\go t = |V fc (^ ~ $'i)l 9 v 4 + |V fc+1 a4c, = 0(r l/+1 -' £ ) + 0(r^ k ) from g3J 
= 0(r fJ -~ k ) provided fj, < v + 1 

for fc > 0. Integration then gives |<x^| ffo = 0(r M+1 ). Hence (|4.1|l for a, is equivalent to l|4.1|l 
for a[, and the definition of SL m-folds with conical singularities with rate is therefore 
independent of the choice of 
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Now we give a result on the construction of a Lagrangian neighbourhood for No, compat- 
ible with the Lagrangian neighbourhoods Ud of Ci and with the embeddings ^d '■ Uc\ — > 
V( = Ti x (0, oo ) for i — 1, . . . , n in Theorem 13. 21 The proof is similar to that of |14l Thm. 
4.6]. 

Theorem 4.2 FFii/i i/ie above notations, there exists an open tubular neighbourhood Un 
of the zero section No in T*Nq such that 

^ik o ,nr.(E 4 x(0, e '))(Cc 4 nT*(E i x(0 s e / ))) = T*{T 2 \{x t })nU No for i = 1, . . . ,n, 

and there exists an embedding ^ n '■ Un — > Mo with ^n \n — Id, (u>o) = ^>t*n ; 
where Id is the identity map on Nq and ut*n q the canonical symplectic structure on T* Nq, 
such that 

*jv ° rf$ i|(7c l nT*(s l x(o,e'))( cr ' r ' r '' c ) = $i ° *c, 0, r, V + da} (a, r), c + daf (a, r)) 

for i= 1,.. .,n, (a,r,r/,c) <E UdC\T* (£j x (0, e')), and for dai(cr, r) — da} (a, r)+daf(a, r)dr 
with da} (a, r) G T*Y^ and daf (a, r) G R. 

Let us focus on the zero section {r; = c = 0} = Ej x (0, e'). The first part of the theorem 
gives 

^lt/ Ci nT*(£,x(0,e'))( Cr ' r ' > ) = Ti\{Xi}. 

This is consistent with the second part of the theorem, as from the left hand side we have 

*AT Q o d$ 4 | C / Cj nT-(S,x(0,e'))( Cr ' r ' ' ) = ®N (Ti\{Xi}) = Ti\{Xi}, 

using \&jv |jv = Id, and the right hand side gives 

$ioV Cl {<r,r,dal{<r,r),dc$(<r,r)) = ^ o * O4 (T(d0i)) - 2} \ {x t } by 63. 

5 AC SL m- folds 
We now study AC SL m-folds L in AC Calabi-Yau m-folds Y. 

5.1 Definition and the Lagrangian Neighbourhood Theorem 

Similar to the conical singularities case, we want to define L as a graph of some closed 
1-form x near infinity. The condition for L to converge to the SL cone C at infinity is that 
X has size 0(r K ) for large r and k < 1. 

Definition 5.1 Let L be a nonsingular SL m-fold in an AC Calabi-Yau m-fold Y with 
rate A < — m. Then L is an ^4C SX m-fold with rate € (A + 1, 1), modelled on SL cones 
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C if there exist a compact subset H C L and a smooth closed 1-form % on £ x (R', oo) for 
i?' > R, satisfying 

\V k x\ gc = 0(r K - k ) as r -> oo and for all k > 0, (5.1) 

computing V and | • \ gc using the cone metric gc, such that 

L\H= To* c (r(x)). (5.2) 

Equation l|5.1|l implies x nas ra te 0(r K ) as r — > oo, and by making i?' larger if necessary, 
the graph T(x) of % lies in Uq- 

Analogous to the upper bound for the rate fi in the conical singularities case, we require 
k > A + 1 so that the definition of AC SL m-folds with rate k does not depend on the choice 
of the coordinate T. 

Here we work with closed 1-forms with rate k < 1 in the definition. However, assuming 
X to be closed is not enough for our purpose, as we hope to express L as a graph of an exact 
1-form near infinity. The reason for that is if the 1-form \ was n °t exact, we shall come 
across global topological obstructions (cf. the obstructed case in or the A^ = — 3 case 
for Calabi-Yau 3- folds in |S]) which we do not want to deal with. 

Note that if we assume k < — 1, then \ is automatically exact, and it can be written 
as db for some smooth function b on £ x (R 1 , oo). We can construct b by integration: 
Write x( (T -, r ) = X 1 ( (J i r ) + X 2 (< 7 , r ) dr where x^er,?-) G T*~E and x 2 (< J , r ) £ E. Similar to 
the argument we used before in defining the 1-form in Thm. 4.9], we define b{<r,r) — 
/"^(ff^Jds, which is well-defined if n < —1, and it satisfies b(a,r) = 0(r K+1 ). Then 
x(<j, r) = db(a,r). It follows that assuming k < —1 will suit our purpose, and in fact we 
shall see in 3S]that we need to assume k < —3/2 to apply Thcorcm l6.ll ffor the case m = 3). 
Thus from now on, we adjust the rate Ki of AC SL m-folds to be less than —1, so that 
n € (A + 1, —1), and equations (|5.1|l and (|5.2|l in the definition become respectively 

\V k b\ gc = 0(r K+1 - k ) as r -> oo and for all fc > 0, (5.3) 

and 

L\H= Tof c (r(dt)). (5.4) 

In the last part of this section, we give the Lagrangian Neighbourhood Theorem for AC 
SL m-folds L (compare to Thm. 7.5]), which is an analogue of Theorem l4.2l 

Theorem 5.2 With the above notations, there exists an open tubular neighbourhood Ul of 
the zero section L in T* L such that 

dr\ UanT » {1 ; x(R , ;0o)) (UcnT*(Xx(R',oo))) = T*(L\H)nU L , 
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and there exists an embedding : Ul — * Y with — Id, ^(wy) = o->t*l, where Id 

is the identity map on L and u>t*l the canonical symplectic structure on T* L, such that 

*L ° rfT| l/cnT , (Ex(fl , !00)) (cr,r,?7,c) = To ■9 c (o-,r,n + db 1 (a,r),c + db 2 (a,r)) 

for (a,r,T),c) <E Uc H T*(£ x (R',oo)) and for db(a,r) — db 1 (a,r) + db 2 (a,r)dr with 
dtf-far) eT;S and db 2 {a,r) e M. 

5.2 Some examples of AC SL to-folds 

Some examples of AC SL m-folds in the complex Euclidean space C m can be found in 
Harvey and Lawson ^3 III. 3] and Joyce JT^I §6.4]. Here we give some examples of AC SL 
m-folds in the crepant resolution of the Calabi-Yau cone C m /Z m , or equivalently, the total 
space of the canonical line bundle Kcpm-i over CP m_1 endowed with Calabi's metric, as 
described in Example 12. Ill 

Examples 5.3 Our first example of an AC SL m-fold will be given by the fixed point set 
of an antiholomorphic isometric involution on the AC Calabi-Yau m-fold Kcpm-i. Consider 
the usual complex conjugation ctq : C m — > C m having R m as its fixed point set. Since 
(To ° 7 ° = 7 _1 for any 7 S Z m , a induces an involution on C m /Z m , and then lifts to a 
on the crepant resolution of C m /Z m , or K^gm-i. This map a is actually an antiholomorphic 
isometric involution on K.ggm-\\ since a is induced by the complex conjugation, it satisfies 
o~ = Id and o~*(J) = —J where J is the complex structure on A^pm-i. We know that 
cr*(r) = r, where r is the radius function on <C m /Z m \ {0}, and hence a*(f) — f as the 
Kahler potential / defined by Calabi is a function of r 2 . It follows that a*(g) = g and 
hence <7*(lu) = —lo. Furthermore, <7*(f2) = fl on K^pm-i since the holomorphic volume 
form on K^pm-i is just the same as that on C m . Consequently, a : Kcpm-i — ► K^m-i is 
an antiholomorphic isometric involution on K CP ,r,-i, and the fixed point set of a is an SL 
771-fold of K CP m-i. 

Next we investigate the fixed point set of a in A^pm-i, which is just the union of the 
fixed points set To of <ro : C m /Z m — ► C m /Z m with the origin removed and the fixed points 
set of a\ cfm -i : CP™" 1 — > CP" 1 " 1 in CP" 1 " 1 . Now a point Z m • (zi, . . . , z m ) in C m /Z m is 
fixed by a whenever (z\, . . . , z m ) = [z\ e 2mk / m , ...,z m e 27 ™ fc / m ) for some < k < m — 1. 
It follows that Zj = Tj e mk l m where rj € R, j — 1, . . . , m and hence the fixed point set T 
in C m /Z m is given by 

T - {Z m ■ (n e mk / m , . . . ,r m e" fc/m ) : tj S R, k = 0, 1, . . . ,m - 1}. 

Observe that Z m • (ri e"' : / m , . . . ,r m e* lk ' m ) is equal to Z m • (r*i, . . . , r m ) for fc even and 
Z TO • (ri e" 1 /™ 1 , ... ,r m e 7 ™/™) for fc odd. Thus T has two components, 

T = (Z m ■ R m )/Z m U e^ m ((Z m ■ R" l )/Z m ). (5.8) 
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(i) When m is even, then -1 £ Z m , and Z 2 is the subgroup of Z m fixing R m . In this case, 
Lq is topologically a union of two copies of R m /Z2, i.e. two cones on RP™ -1 meeting 
at 0; 

(ii) When m is odd, then S Z, and hence 

e^ m Z m -(n, ...,rm)=e^ m e^^Z m -( ri) ...,r m ) 
= e m Z m ■ (ri, . . . ,r m ) 

= 2<m ' ( — r l, ■■■ 7 — '"ro)' 

It follows from (|5.8|l that Lo = (Z m ■ R m ) /Z m , which is topologically a copy of R m , or 
equivalently, a cone on S m ~ l . 

Together with the fixed point set of cr| cpm -i : CP™" 1 — ► CP'"" 1 , which is just MP'" -1 , this 
yields the fixed point set L of er, i.e. an AC SL m-fold in K^pm-i: 

(i) When m is even, L is homeomorphic to MP™ -1 x R; 

(ii) When m is odd, L is homeomorphic to S m ~ 1 x (0, 00) U MP" 1-1 . We may regard L 
as the quotient (S" 1 ' 1 x R)/Z 2 , where Z 2 acts freely on S™- 1 x R. 

In both cases, L is the canonical line bundle K^pm-i over RP m_1 . In fact, K-gpm-i is trivial 
(nontrivial) if m is even (odd), as RP" 1-1 is oriented (non-oriented). 

We are particularly interested in the case m = 3. From the above analysis we obtain an 
AC SL 3-fold K R p2 as the fixed point set of some antiholomorphic isometric involution in 
the AC Calabi-Yau 3-fold -Kcp 2 ■ Observe that K RP 2 admits a double cover which is diffeo- 
morphic to S 2 x R. We remark that this AC SL 3-fold K-^ps has rate "k = -co", since there 
will be coordinates in which K-g^.2 is a cone. As we have discussed before in the definition 
of AC SL m- folds, we require 1 + rate for if cr 2 < k < — 1 . Thus we could say the rate for 
K RP 2 is any k 6 (—5, —1), as ifcp 2 nas rate —6. 

Examples 5.4 This example constructs AC SL 3-folds in Kq P 2 invariant under the stan- 
dard SO(3)-action. From the calculation of the moment map of the U(m)-action on C m w.r.t. 
Calabi's metric in [S] §5.1.1], it can be seen that the moment map fi : K CP 2 — > so(3)* = R 3 
of the SO(3)-action on -?Ccp 2 is given by 

M = f{ r2 ) (Im(ziz 2 ),Im(z223), Im(z 3 zi)). 

Again, / denotes the Kahler potential defined by Calabi. Since Z(so(3)*) = {0}, it follows 
that any SO(3)-invariant SL 3-fold in Kfy.2 must lie in the level set // _1 (0). Using the same 
construction as in |131 Example 5.2] or |BJ Example 4.7], we obtain a family of SL 3-folds L c 
in -ffcr 2 which has the same form as in [131 Example 5.2] or Example 4.7], since the level 
sets of both moment maps coincide. Thus for c 7^ 0, L c is an AC SL 3-fold in ifcp 2 with 
Calabi's metric and is diffcomorphic to S 2 x R. As the cone (Z 3 • R 3 )/Z 3 is identified with 
the cone e"/ 3 • (Z 3 • R 3 )/Z 3 in C 3 /Z 3 , L c converges to two copies of (Z 3 • R 3 )/Z 3 in C 3 /Z 3 
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from Thm. A] or |131 Thm. 6.4]. We have seen that the rate for the SO(3)-invariant SL 
3- folds in C 3 is —2, thus L c also has rate —2. With the discussion in Example 15. 31 the fixed 
point set K RP 2 admits a double cover diffeomorphic to S 2 x R, which is just one possible L c , 
and hence we have obtained a family of deformations of a double cover of Example 15.31 for 
to = 3. One can generalize this example to higher dimensions and obtain SO(TO)-invariant 
AC SL m-folds in K^gm-i. 



Examples 5.5 Finally we briefly describe an example of a T m_ ^invariant AC SL m-fold in 
Kcsfrn-i taken from JBJ §5.1.1]. The idea of the construction is to use the method of moment 
maps, similar to [HI Prop. 4.4]. The T m_1 -action on K^pm-i is just the T m-1 -action on 
K cpm -i \ CP™" 1 = C m /Z m \ {0} given by 



(e^,...,e^)-(z 1 ,...,z m ) = (e^z 1 ,...,e^ 



where 9\ + ■ ■ ■ + 8 rn = 0, and the T m 1 -action on CP m 1 . According to the calculation in 
§5.1.1], the moment map [i for the T^^-action on K^m-i is given by: 



^ Zl ,...,z m ) = r(r 2 ) (\ Zl \ 2 --r 2 ,...,\z m \ 2 --r 2 

\ TO TO 



on the bit K cpm -i \ CP" 1-1 = C m /Z m \ {0}. Here / is the Kahler potential defined by 
Calabi. On CP™" 1 , we have 



i([wi, . . .,w m }) = (\wi\ 



> 1 I |2 1 
— , . . . , \w m \ 

TO TO 



where w\, ■ ■ ■ , w m are normalized such that \wi\ 2 + ■ • • + |u' m | 2 = 1. Up to a constant factor, 
this is just the same as the moment map of T m ~ 1 acting on CP" 1-1 with the Fubini-Study 
metric. 



Following [HI §5.1.1] we have the following: Let c — (ci, . . . , c m , c') where c\, . . . ,Cm,d G 
and ci + ■ ■ ■ + Cm = 0. Define 



Uz u ...,z m )GC m \{0}:/V)(M 2 --r 2 ) =c j , for j = l,...,m, 

I TO 

and Re(zi • • • z rn ) = c' if to is even, Im(zi • • • z m ) — c' if to is odd|. 

Then L c is a T m_1 -invariant SL m-fold in C m \ {0} with respect to Calabi's metric. Since 
L c is invariant under the Z m -action on C m \ {0}, it follows that the quotient L c /Z m is a 
T m_ ^invariant SL TO-fold in C m /Z m \ {0}, and converges to the cone 

(z m • (zi, . . . , z m ) : \zx\ 2 = ■ ■ ■ = \z m \ 2 = —r 2 , and Re^ • • • z m ) = c' if to is even, 

I. TO 

Im(zi • • • z m ) — c' if to is odd j 

in C m /Z m . 

Now suppose d ^ 0, then L c /Z m will not intersect CP m_1 in Kcpm-i. Consequently, 
L c /Z m is a T m " 1 -invariant SL m-fold in Kcpm-i for any ci, . . . , c m , d G K with c\ + • • • + 
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c rn = and d =/= 0. 

For the case d = 0, if (ci, ... , c m ) does not lie in the convex hull of the m points 
fi(pi), ■ ■ ■ ,fi(p m ) in K m_1 , then L c /Z m is a T m_ ^invariant SL m-fold in K^ Vm -i. If the 
point (ci, . . . , c m ) is on a fc-dimensional face of the simplex for some k — 0,1, . . . , m — 1, 
then we have to include a /c-torus T k in CP m_1 , and hence in this case we obtain a T m_1 - 
invariant SL m-fold L c /1 m U 7* in Jfcpm-i. 



Joyce has developed a comprehensive desingularization theory of SL m-folds with iso- 
lated conical singularities in Calabi-Yau m-folds (and more generally in almost Calabi-Yau 
m-folds) . His approach is to glue in appropriate AC SL m-folds in C m which are asymptotic 
to some SL cones, thus obtaining a 1-parameter family of compact nonsingular Lagrangian 
m-folds. Then he proves using analysis that the Lagrangian m-folds which are close to being 
special Lagrangian can actually be deformed to SL m-folds in the Calabi-Yau m-fold. The 
whole programme on SL m-folds with isolated conical singularities is given in the series of 
his papers [H ESI El El EJ 

We shall now fix m — 3 to fit into our situation for desingularizing SL 3-folds in Calabi- 
Yau 3-folds. 

Before stating Joyce's analytic result, we need to establish the necessary notations, which 
can be found in Definition 5.2 of El- However we shall only consider the following particular 
case of his definition: 

Let (M, J, uj, f2) be a Calabi-Yau 3-fold, with Calabi-Yau metric g. Since we only deal 
with Calabi-Yau manifolds, not the more general class of almost Calabi-Yau manifolds, we 
can take the smooth function ip in Definition 5.2 of El to be 1 on M, so that condition (ii) 
of Theorem 5.3 in |16j becomes trivial in our case. 

Suppose N C M is a Lagrangian 3-fold. Restricting the Calabi-Yau metric g on N, we 
obtain a metric h — q\n, with volume form dV. The holomorphic (3,0)-form f2 restricts to 
a 3-form Q|jv on N. As N is Lagrangian, we can write 



for some phase function 8 on N, which equals zero if and only if N is special Lagrangian 
(with phase 1). Suppose [Im(f2)|jv] = in H 3 (N, R), or equivalently, 



Clearly, this is a necessary condition for N to be special Lagrangian in M. Note that this 
can be satisfied by choosing the phase of appropriately, which means this is actually a 



6 Joyce's desingularization theory 



n\ N = e i0 dV 
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fairly mild restriction. 

In (iii) of Theorem 5.3 in ^1, we need a 3- form (3 and a connection V on T*N (V in the 
original notation). For r > 0, define B r C T*N to be B r = {a E C°°(T*N) : \a\ h -i < r}, 
where | • is computed using the metric br 1 . The Levi-Civita connection V of h on TN 
induces a splitting TB r = H ® V, where H = TN and V = T*N are the horizontal and 
vertical subbundles of T*N. Define h on B r such that H and V are orthogonal w.r.t. h. 
and h\n = Tr*(h), h\v = ^*{h^ 1 ) where 7r : B r — > A" denotes the natural projection. Let V 
be the connection on TB r given by lift of V on N in the horizontal directions H, and by 
partial differentiation in the vertical directions V. Since N is Lagrangian in M, for small 
r > 0, the Lagrangian Neighbourhood Theorem gives an embedding \t : B r — ► M such that 
^*(u>) = w C an and ^\n = Id, where to can is the natural symplectic structure on B r C T*N. 
Finally, we define a 3-form (3 on B r by (3 = 4'*(Im (£1)), the pullback of the imaginary part 
of the holomorphic (3,0)-form Q on M by the Lagrangian embedding. 

The finite dimensional vector space W in Definition 5.2 of nas to do with the number 
of connected components of iVo \ {x\, . . . , x n } where is a SL 3- fold with conical singu- 
larities at x-i, . . . ,x n . We will make the nonsingular Lagrangian 3-fold N t (which is our 
N defined above) by gluing AC SL 3-folds L\, ...,L n into A^o- If A^o \ {xi, . . . , x n } is not 
connected, then each of the L^s is connected but may contain more than one end, so that 
Nt consists of several components of A*o joined by "small necks" from Li's. The vector space 
W will then be a space of functions which is approximately constant on each component of 
Nq \ {xi, . . . , x n } and changes on small necks. The dimension dimW will be the number 
of connected component of No \ {xi, . . . , x n }. For the sake of simplicity, we only study the 
case when Ao \ {xi, . . . , x n } is connected, which means we can take W = (1), the space of 
constant functions. As a result, condition (vii) of Theorem 5.3 of |16j is trivial and we can 
drop it entirely. The natural projection ttw ■ L 2 {N) — ► W is now given by 

n w (v) = voliN)- 1 I vdV 
Jn 

for W — (1), and we have ttw(v) = j N v dV = 0. It follows that the last inequality of 
Theorem 5.3 (i) in 16 holds automatically, as we have assumed sinf? = 0. Moreover, 
we can replace nw( v ) — by J N vdV — in (vi) of the theorem to leave W out of our 
definition. 

We are now ready to state the following analytic existence result for SL 3-folds, adapted 
from 16, Thm. 5.3]: 

Theorem 6.1 Let k' > 1 and Ai, . . . ,Aq > 0. Then there exist e, K > depending only 
on k' , Ai, . . . , Aq such that the following holds. 

Refer to the notation in Sj^ Suppose < t < e and r = Ait, and 

(i) ||sin0|| L 6/5 < A 2 t K '+ 3 / 2 , \\sm8\\ c a < A 2 t K '- 1 and \\d sin 6\\ L e < A 2 t K '-^ 2 . 

(ii) ||V fc /3|| c o < A 3 t~ k for k = 0, 1, 2 and 3. 
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(iii) The injectivity radius 5(h) satisfies 5(h) > Ait. 

(iv) The Riemann curvature R(h) satisfies \\R(h)\\ c o < A$t~ . 

(v) IfveLf(N) with J N vdV = 0, then v e L 6 (N), and \\v\\ L e < A 6 \\dv\\ L 2. 

Here all norms are computed using the metric h on N in (i), (iv) and (v), and the metric 
h on BAxt in (fi). Then there exists f € C° C (N) with f N fdV = 0, such that ||<i/||c < 
Kt K < Ait and N = ^*(T(df)) is an immersed special Lagrangian 3-fold in (M, J,u),£l). 

For a small 1-form a £ C°°(T*N), ^f t (T(a)) is a Lagrangian submanifold in M if a is 
closed, and it is a special Lagrangian submanifold if a also satisfies d* (cos 9 a) = sin 9 + Q (a) 
where Q is a smooth map with Q(a) = 0(|a| 2 + |Va| 2 ) (see Lemma 5.7]). Now if 
/ G C°°(N) is a small function in C 1 (N), then df is a small 1-form, and $>*(T(df)) is special 
Lagrangian if and only if d* (cos 9 df) — sin 9 + Q(df). Thus the function / in the theorem 
is basically the solution to the above nonlinear elliptic equation. Joyce §5.5] solved 
this equation by constructing inductively a sequence (fk)kLo m C oa (N) with fo — and 
/jv fk dV — satisfying d* (cos 6dfk) — sin 9 + Q(4ffc-i) f° r k > 1- Then he showed that this 
sequence converges in some Sobolev space to / which satisfies the nonlinear elliptic equation 
and is smooth by elliptic regularity. 

7 Construction of N t 

In this section we are going to define a 1-parameter family of compact nonsingular 
Lagrangian 3- folds N t in the nearly Calabi-Yau 3- folds M t for small t > 0. Recall that 
we desingularize the Calabi-Yau 3-fold Mq with conical singularities by first applying a 
homothety to each AC Calabi-Yau 3-fold Yi, and then gluing it into Mq at xt for i = 1, . . . , n 
to make the nonsingular M t 's. For the special Lagrangians inside these Calabi-Yau's, we 
then desingularize TVo (inside (Mo, Jo, ojq, fio)) by gluing Li (inside (Yi, Jy i , £ 2 ^y;, i 3 !^)) 
into Nq at x% for each i. Note that after applying the homothety to Yi, equations (|5.3(l and 
(|5.4J) now become 

|V*&i(o-,i _1 r)|iw j = 0(i- K --V i ' +1 - fe ) asr->oo and for all fc > 0, (7.1) 

and 

Li\Ht= Tuo^cfrf^M^rV))) (7.2) 
where the diffeomorphism Tt,i ■ T{ x (tR, oo) — > 1^ \ ifj is given by T t} i(j, r) — Tj(7, i _1 r). 

Now for i = 1, . . . , n., a £ (0, 1) and small enough t > with tR < tR' < t a < 2t a < e' < 
e, define a smooth function u t i on Ej x (tR' , e') by 

u M (<7, r) = F(t" Q r) Oi(<7, r) + t 2 (l - ^(t- Q r)) ^(a, f"V), (7.3) 
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where F is the smooth increasing function we used before in defining £! t in Calabi-Yau 
desingularizations. Thus we have F(t~ a ^ , ) = 1 when 2t a < r < e' , in which case Ut^(o~, r) — 
a,i(a,r), and F(t~ a r) = when tR' <r<t a , in which case Ut.i(a,r) = t 2 bi(a, f _1 r). 

Here we are going to use the same a € (0, 1) as in the previous Calabi-Yau 3-fold desingu- 
larizations, and we shall require a to satisfy certain inequalities for this SL desingularization 
as well. 

Define N t to be the union of (N \ \J7=i Ti), \J7=i (T(du M )), and U£=i H i- Basically, 
we construct N t in the way that for r > e', N t is just (N \ |J™ =1 T,) C N Q . For tR' < r < e', 
N t is diffeomorphic to the union of the graphs T(du ti ) of the 1-forms du t ^ which in fact 
interpolate between the graphs T(dai) oidai, i.e. part of No, for 2t a < r < e' and the graphs 
T(t 2 dbi) of t 2 db t , i.e. part of L % , for tR' < r < t a . Finally for r < tR', N t is the union of 
Hi C Li. 

Under our construction the boundary of each Hi, which is just the link £j, joins smoothly 
onto Ur=i v I / Ci(r(dut, l )) at the £j x {tR'} end, and the boundary of (N \ UjLi Ti), which 
is the disjoint union of the Sj, joins smoothly onto UiLi (r(rfwt,i)) at the £j x {e'} end. 
Thus Nt is a compact smooth manifold without boundary. More importantly, Nt is in fact 
a Lagrangian submanifold: 

Proposition 7.1 Y t is a Lagrangian 3-fold in the nearly Calabi-Yau 3-fold (M t ,uJt,^lt) 
for sufficiently small t > 0. 

Proof. We shall look at the symplectic form u>t restricts to different regions of Nt- Since 
Nt coincides with iVo, which is Lagrangian in Mq, in the component Nq \ IJ™ =1 Ti, and u)t 
equals cjo on this part, we see that uj t = on N \ \J" =1 Ti. In the same way, as N t coincides 
with the union of Li in the component 1J™ =1 Hi, and u>t is now t 2 u)Yi on each Li, thus we 
have uJt = on U"=i^' as ^ ^ s Lagrangian in K;. For the middle part, Nt is given by 
Ur=i (r(dut,i)). As Wt is equal to tovt on each (T(<iitt^)), and ^^.(wyj = w can from 
Theorem 5.2, where w C an is the canonical symplectic form on T*(Si x (0, oo)), we get uj t = 
on UiLi ^Ci(r(dMt,i)) as r(di/t,i) is the graph of a closed 1-form di/t,i on x (tR',e r ). It 
follows that o; t |jVt = 0, and Nt is then Lagrangian in M t . □ 

Now we deform the underlying nearly Calabi-Yau structure on M t to a genuine Calabi- 
Yau structure (Jt, outfit) for small t by applying Thcorcm l2.13l As shown in the theorem, we 
have the relation [oj t ] — c t [uJt] & H 2 (M t ,R) for some c t > between the cohomology classes 
of the Kahler forms. Thus u>t and Ct Cot are in the same cohomology class. Using Moser's 
type argument there is a diffeomorphism %p t '■ Mt — ► M t on M t satisfying ip^(ctCjt) = u>t- 
Write Cot = ip% (£>«)' Jt = iPt{Jt), 9t = ipt (<7t) and f^t = ipt (fit) un der the new coordinates. 
The fact that u>t and Ct UJt are close for small t > means that the diffeomorphism tp t is 
close to identity, which then implies that the complex 3-forms are also close under the new 
coordinates, i.e. fit ~ ^t- We shall evaluate this difference in the next section. 
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As we have arranged u) t = c t tbt by applying a diffeomorphism if t , it follows that u) t \N t = 
since Ct > 0, and so we obtain: 

Proposition 7.2 N t is a Lagrangian 3-fold in the Calabi-Yau 3-fold (M t , J t , Cj t , Cl t ) for 
sufficiently small t > 0. 

8 Estimates of lM(fi t )|jv t 

We have constructed a family of compact, nonsingular Lagrangian 3-folds Nt by gluing 
Li into N at each Xi, and our next step is to apply Theorem 16. II to deform N t to a special 
Lagrangian 3-fold N t in the Calabi-Yau 3-fold (M t , J t , cj t , Cl t ) for small enough t > 0. This 
leads us to consider the estimates of various norms of Im(f2 t )|jy t for (i) of Theorem lti.il 

Let ht, h t and h t be the restrictions of gt, gt and g t to Nt respectively. In view of Theo- 
rem 12.1 31 the metrics gt,gt, and hence ht, ht, are uniformly equivalent in t, so norms of any 
tensor on Nt measuring with respect to ht,ht only differ by a bounded factor independent 
of t. We shall see later the uniform equivalence between h t and the other two. 

Here is the basic estimate, computing with respect to h t : 

\lm(h t )\ Nt \ ht < \(tlt-n t )\ Nt \ ht + |(0 t -^)liv4 t + \lm(n t )\ Nt \ ht . (8.1) 

We hope to arrange for this error to be small enough that we can deform Nt to an SL 
3-fold by using the analytic result in Theorem 16. II The first term (f2 t — O t )|jv t in the right 
side of H8.1f) is basically the error coming from changing coordinates on M t , which can be 
estimated by considering the diffeomorphism ip t from Moser's argument. The second term 
(Cl t — ^t)\N t is the error arising from deforming the nearly Calabi-Yau structure (wt,f2 t ) 
to the genuine Calabi-Yau structure (Jt,Cjt,Cl t ) on M t . We already have the C°-estimates 
from Theorem 12.131 but for part (i) of Theorem 16.11 to hold we need to improve and get a 
better control of this term. We shall devote most of the section to achieving this. For the 
final term Im(f2 t )|jv t , we can estimate it by restricting Q t to different regions of N t . 

Let us first evaluate the last term Im(f2 t ) on various components of N t . From (|2.24H we 
have 

(n on Q t \ [(U=i p M)nQ t ], 

tit = < Sl Vt + d[F(t- a r)Ai(~/,r) + t 3 (l - F{t- a r))B l { 1 ,t- 1 r)] on P M n Qt, for i = 1, . . . , n, 
[t 3 n Yl on P t ,i \ {P t ,i n Q t ) for i = 1, . . . , n. 

On Q t \ [(Ur=i p t,i) n Qt], Clt is given by il , and N t is the union of N \ ULi T i and 
UiLi ^Ci (r(daj)), which is a part of No. Thus Im(S! t ) = on this region of Nt, as A*o is 
special Lagrangian in Mq. Similarly, on P ti i \ (Pt,i fl Qt) for each i, Q t is given by t flyj , and 
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N t is the union of 1J™ =1 Hi and IJ™ =1 4 , c i (r(i 2 d&i)) which lies in Li. It follows that Im(fit) 
= on this region of Nt, as Li is special Lagrangian in Yi. For the annuli region, we have 

Im(O t )|jv t = Im(fty< + d[F(r a r)A l ('j,r) +t 3 (l- F(t~ a r))B l ('y,t~ 1 r)])\ xS/c ^ r(dut i) y 

' (8.2) 

Consider the term Im(f2yi)|* c . (r(dit 4 ;))■ Regard C, as the zero section in T*(Ei x (0,oo)). 
Then the difference between Im^QyJI^ (r(dwt <)) an d I m (fVi)|ci is given by 

0(|V^U • I^mU ) + Od^U • \Vdu t ,i\ gGi ), 

where V denotes a connection on T*(£i x (0, oo)) (see ^IHfor the construction of V on T*N), 
and V the connection on C'i computed using the metric gc t - Roughly speaking, the first term 
is coming from moving base points, whereas the second term from changing tangent spaces. 
Now we have |Vftvj| flv = 0(t~ a ) on the annulus, and |fZv* | sv .. is a constant. Together with 
the fact that Ci is special Lagrangian in Vi, i.e. Im(r2v; ) | Ci — 0, we obtain the size for 
Im(Ov-i)k c .(r(d« t ,i)): 

I M^Vi )l* e< (!•(**.«)) \ gC( = 0{r a \du t ^\ gCi ) + 0( \Vdu t}i \ 90i ) (8.3) 
for re (t a , 2t a ). Using JOJ and J77TJ), and the definition of Ut t i in i|7.3[l we get 

\dut,i\ gat = 0(^ a ) + 0(i 1 - K *( 1 - a )), and 
\Vdu t ^\ gCz = 0{&- 1)a ) + O^ 1 -^ 1 -")) for r e (t a , 2t a ). ' S "* ' 

Putting 18.4|l into i|8.3[l . and using the estimates for Ai and Bi from l|2.21|l and (|2.23|) . we 
compute the size for (I8.2|l : 

|lm(O t )|iv t | = 0(t (Al ~ 1)Q ) +0(t (1 ~ Kl)(1 - Q) ) + 0(t Q,y ) +0(t- A '( 1 -")) 

= 0(t^-^ a ) + O^ 1 -^ 1 -^) for r £ {t a 7 2t a ). (8.5) 

The term 0{t av ) is absorbed into 0(t^~^ a ) as we have chosen /i < + 1 in the definition 
of SL 3-folds with conical singularities, and similarly the term O^ - *^ 1-0 )) is absorbed into 
0(^ 1 - K -)(i-")) as k 4 > A, + 1 in the definition of AC SL 3-folds. 

Summing up all these, and using the uniform equivalence between metrics gc t and h t 
(follows from that between gy i and g t ), we see that 

Proposition 8.1 In the situation above, the error term Im(f2t)|jv t satisfies 

fo on JV t n(Qt\[(U2=i^t,i)nOt]), 

\lm(Q t )\ Nt \ ht = | o(^-i)«) +0 ( t (i-« < )(i-a)) on jVj n (P tji n Q t ), /or i = l,...,n, 
[o on JV t n(P M \(P M nQt)) ) /or i=l,...,n. 

Next we estimate the term (fit — flt)\N t in <|8.1|1 . which comes from deforming the nearly 
Calabi-Yau structure to the genuine Calabi-Yau structure on Mt- From Theorem 12.131 
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we have the C°-estimates for f2 t — f2 t on the whole M t given by \\Ct t — flt\\c° = 0(t K ) for 
some k > 0. This term then contributes 0(t K ) to the basic estimate ()8.1|) . which in turn 
contributes 0(t K ) to different norms of sin 6* in Theorem lti.il But for the L 6 / 5 -estimate to 
hold, one needs k > k' + 3/2 > 5/2 as k' > 1. Since we have no a priori control of k > 0, 
this will put a strong restriction on k, and in turn on the rates v and as well. 

To resolve this problem we are going to improve the global L 2 -estimate for tl t — Sl f to 
C°-estimates locally by applying modified versions of |7| Thm. 3.7 & 3.8] (see also Theorems 
Gl and G2 in [121 §11.6] for 7 dimensions). Note that if we look back on the construction 
of fit in Theorem 12. 51 the size of fit — fit is of the same order as the size of di] t — (pt — ^fit, in 
other words, the error introduced when deforming the nearly Calabi-Yau structure to the 
genuine Calabi-Yau structure on the 6-fold M t is essentially the same as that introduced 
when deforming the GVstructure to the torsion-free (^-structure on the 7- fold S 1 x M t . It 
suggests that in order to get a better control of the C°-norm of fit — fit on M t , one could 
consider improving the C°-norm of dr\t on S 1 x M t . 

In §11.6] Joyce proved an existence result for torsion-free Gi -structures by construct- 
ing the 2-form r] upon solving a nonlinear elliptic p.d.e. (equation (11.33) of ^1|) in rj. His 
method of solving the p.d.e. is to inductively construct sequences of 2-forms {?7j}^Lo and 
functions {fj}fLo with 770 = /o = 0, and then he showed that these sequences converge in 
some Sobolev spaces to limits 77 and / which satisfy the p.d.e. The C°-estimate of dr/ is 
derived from the C°-estimates of the sequence elements drjj. So to improve ||d?7||co, we need 
to improve Theorems Gl and G2 in |12| . or more appropriately, the 6-dimensional version 
of them, i.e. Theorems 3.7 and 3.8 in [J], in our situation. 

Here is the modified version of Thm. 3.7]: 

Theorem 8.2 Let D2,D^ > be constants, and suppose (M,g) is a complete Riemannian 
6-fold with a continuous function p having the following properties: 

(1) the injectivity radius of geodesies 5(g) x of (M, g) starting at x satisfies 5(g) x > D^p(x), 

(2) the Riemann curvature R(g) satisfies \R(g)\ g < D^p~ 2 on M, and 

(3) for all x £ M, we have l/2p(x) < p < 2p(x) on balls Br> 2P ( x )(x) of radius D2p(x) 
about x. 

Then there exist K\, K2 > depending only on D2 and D%, such that if X € L\ 2 (A 3 T* M) n 
L 2 (A 3 T*M) then 

||p 7/2 Vx|U» < tfi(||p r / a dx||i» + \\p 7/2 d*xh" + \\x\\v ) 

and \\p 3 x\\c° < K2{\\p 7/2 V X \\l^ + HxlUO- 

We shall call p a local injectivity radius function on M. Condition (3) ensures that p does 
not change quickly, and we may treat it as constant on B D2P { x ){x). Moreover, (1) and (3) im- 
ply S(g) y > 1/2 D 2 p(x) for all y e B D2P ( x) (x), whereas (2) and (3) give \R(g)\ g < 4D 3 p(x)~ 2 
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on B D2fl t x \(x). The right hand sides of these inequalities are just constants, so that we get 
control of injectivity radius and Riemann curvature on balls about x with radius at most 
D2p{x), which can then be compared with Euclidean balls. 

As in [3 Thm. 3.7], we can prove Theorem 18 . 21 using the same method of proof as that 
of Theorem Gl in ^| p. 298], but we now use balls of radius Lp(x), where < L < D2, 
about x instead of Lt in the proof of Theorem Gl. Note that it is important to have the 
constants D2, D3 in the theorem independent of t, so that K\ and K2 are independent of t 
as well. 

Next we give the improved result for Theorem 7 Thm. 3.8]: 

Theorem 8.3 Let k > and D±, D2, -D3, -D4, K\, K2 > be constants. Then there exist 
constants e £ (0, 1], K3 and K > such that whenever < t < e, the following is true. 

Let M be a compact 6-fold, with metric gu o,nd a local injectivity radius function p 
satisfying (1), (2) and (3) in Theorem \8.2\ Suppose p also satisfies p > D 4 t > on M . Let 
(if, g) be an S 1 -invariant G2~structure on S 1 x M with dip — 0. Suppose ip is an S 1 -invariant 
smooth 3-form on the 7-fold S 1 x M with d*ip = d*ip, and 

(i) IMU 2 < £>ii 3+K , \\p 3 ip\\c° < D 1 t 3+K and \\p 7 / 2 d*<ip\\ L ™ < D 1 t 3+K , 

(ii) if x € il 2 (A 3 r*( > 5' 1 x M)) is S 1 -invariant, then \\p 7 / 2 Vx\\l™ < K\ (l|p 7/2 dxlli" + 
||p 7 /2 rf * x || il2 + || x || L2); 

(iii) if x € L\ 2 (A 3 T* (S 1 x M)) is S 1 -invariant, then \\p 3 X \\c« < K 2 (||p 7/2 V X ||l- + IIxIIlO- 

Let ei and F be as in Definition 10.3.3 and Proposition 10.3.5 of Joyce 112}/ respectively. De- 
note by 7Ti the orthogonal projection from A 3 T*(S 1 x M) to the 1-dimensional component of 
the decomposition into irreducible representation 0/G2. Then there exist sequences {%'}^Lo 
in Ll 2 (A 2 T*(S 1 x M)) and {fj}JL in L^iS 1 x M) with r)j,fj being all S 1 -invariant and 
Vo = fo = 0; satisfying the equations 

7 

(dd* + d*d)r]j = c?*-0 + d*(fj-\ip) + * dF(drjj-i) and fjip — —iri(dnj) 

o 

for each j > 0, and the inequalities 

(a) \\dnj\\ L 2 < 2L> 1 £ 3+K , (d) \\dnj - dnj^W^ < 2D X TH 3+K 

(b) ||// 2 Vd Vj \\ L iz < K 3 t 3+K , (e) \\p 7/2 V(dr)j - ^-i)||l^ < if 3 2^'i 3+K , 

(c) \\p 3 d Vj \\ c o < Kt 3+K and (/) \\p 3 (dtjj - drjj-^Wco < KTH 3 +\ 

Here V and \\ ■ \\ are computed using g on S 1 x M. 

We can prove Theorem 18.31 by applying Theorem 18.21 in place of Thm. 3.7], and 
then follow the same arguments in the proof of Theorem G2 |121 p. 299] . The only extra 
issue here is that we need a lower bound for p: p > D±t > on M. The inequality in 
part (c) implies \dr]j\ g < Kt 3+K -p~ 3 < KD^ 3 t K if p > D 4 t. Thus assuming p > D 4 t on 
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M gives < e\ if t is sufficiently small, where ei is the small positive constant defined 

in Definition 10.3.3 in j!2| . The lower bound for p therefore ensures drjj is small enough 
for each j which is needed to apply Proposition 10.3.5 in We also make a remark 

here about the difference between (a), (d) and (b), (c), (e), (f) in the theorem: (a) and 
(d) are global estimates on the whole manifold, as we get ||d%||?2 and \\drjj — d%_i||? 2 
from the elliptic equation in the theorem by integration by parts. On the other hand, (b), 
(c), (e) and (f) are local estimates on small balls, and so we are allowed to insert powers of p. 

Let us now return to our Calabi-Yau 3-fold M t . Define a function p t on M t by 

-e on M \ULi^, 
p t= J r on Ti x (tR, e), for i = 1, . . . , n, / g _gs 
tR on Ki <zYi, for i = 1. . . . , n. 

We claim that pt is a local injectivity radius function on M t . To see properties (1) and (2), 
recall that the way we construct g t on M t is, on Mo\U2=i &i if is equal to go, on the annulus 
Ti x (tR, e) it is gvi, and on K , C Yi it is t 2 gY t - It follows that for x £ Mq \ IJILi Si, we have 
S(9t)x = 8(g ) x > Ci and \R(g t )\ gt = \R(go)\ go < C 2 for some constant Ci,C 2 > 0, as the 
metric here is independent oft. For x G Tj x (tR,e), we have 5(gt) x = ^(gvi)x > C^r and 
\R{9t)\g t = \R(dVt)\gv — C±r~ 2 for some constant 63,64 > 0, as the length scale for the 
cone metric is given by r. Finally for x € Ki c Yi, we have 5(gt) x = S(t 2 9Yi)x > C§t and 
\R{9t)\g t = \R{t 2 9Yi)\t 2 g Y - — C%t~ 2 for some constant C5, C§ > 0, as the length scale for the 
metric t 2 gy i is given by t. Thus from the explicit definition of pt in (|8.6() . (1) and (2) hold 
with D 2 = min(Cie-\ C 3 , Csi?^ 1 ) and L> 3 = max(C 2 e 2 , C 4 , C 6 R 2 )- 

Condition (3) holds with small enough D 2 << 1/2, thus by making D 2 smaller if neces- 
sary, p t satisfies (3) as well. Therefore Theorem 18 . 21 applies to (M t ,g t ) and pt- Let D4 = R, 
then p t > D^t on M t , and we thus have a lower bound for p t . It follows that Theorem 18. 31 
also applies to (M t ,gt) and pt- 

As proved in Theorem G2, the sequence {r/j} converges to 77 in some Sobolev space of 
A 2 T*(S' 1 x M). From part (c) of Theorem IO we deduce that ||p 3 drj\\ c o < Kt i+K , that is, 
\drj\g = 0(t 3+K p~ 3 ). Thus on our 7-fold S 1 x M t , we have \dr] t \g vt = 0(t 3+K p^), where the 
norm is measured by the metric g Vt associated to the G 2 3-form <p t — c?sAw t + Re(ri t ). Using 
(|8.6p and the fact that the metrics g ipt and ds 2 + gt on S 1 x M t are uniformly equivalent 
(see Lemma l2~3*)l . we obtain for (s,x) 6 S 1 x M t , 

(0(t 3 +-) fovxeMoWJ^Si, 
I (dVt)( s , x )\T x M t \ gt = I 0(t 3+K r- 3 ) for iGT, x (tR, e), for i = 1, . . . , n, (8.7) 
[o(i K ) for 1 e C li, for i = 1, . . . , n, 

which then implies the improved C°-estimate of fit — fit given by: 
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Proposition 8.4 In the situation above, the error term (fit — ^t)|jv t satisfies 

(0(t 3 +«) on N t n(M \{J^ =1 S t ), 

| (fit - n t )\ Nt \ hf = | 0{t 3+K r- 3 ) on N t R (T< X (tR, e)), /or i = 1, . . . ,n, 
[o(i K ) on N t nKi, for i = l,...,n. 

To finish the basic estimate, it remains to compute the error term (£l t — fit)|jv t < This 
term arises from changing the coordinates on Mt by applying the difTeomorphism tpt ob- 
tained from Moser's argument. We claim that this term is of the same order as the term 
(fit-fit)k. 

Recall that we use Moser's argument to construct the difTeomorphism ip t : M t — ► M t 
so that ip*(ctU>t) — Wt, and we write fl t — ipt(fl t ). Thus the difference between Cl t and f2 t 
is essentially given by the term "d(ipt — Id)", where Id denotes the identity map on M t . 
Here what we mean by the difference between ip t and Id can be interpreted in terms of local 
coordinates on M t , and we use d to denote the usual partial differentiation. 

Now as Ctuit and uit are cohomologous, we write ctivt — uJt — do~t for some smooth 1-form 
at- Note that Ct£o t — u>t = L i'§^)i. t ft ~ ft) — L (~§^)dr)t is just a component of dr]t, and so 
|dOf| flt is given by (|8.7|l . We claim that we can choose a small 1-form 07 uniquely on M t , 
so that Moser's argument defines "small" vector fields Xt (see also in the proof of Theorem 
4.9 of [7j), and then constructs "small" diffeomorphisms ipt by representing them as the 
flow of Xt on M t . Our technique is to adopt a kind of isoperimetric inequality which is 
similar to the one in (v) of Theorem l6.ll but we are working with 1-forms on the real 6-folds 
Mq and Yi. To control the length of this paper, we state here without proof the following 
two results: (the proof can be found in the author's thesis, and the essential tools are the 
theory of Weighted Sobolev spaces on manifolds with ends due to Lockhart and McOwen 
[2T] , including the "weighted" version of Sobolev embedding and elliptic regularity theorems) 

Proposition 8.5 There exists a constant C\ > such that \\o-\\l3 < Ci(||do~||£2 + ||rf*cr|| ^2 ) 
for all smooth compactly- supported 1-forms a on Mq. 

A similar result holds on AC Calabi-Yau 3-fold Yf. 

Proposition 8.6 There exists a constant Ci > such that ||o"||j,3 < C 2 (||c?cr|| ^2 + ||cZ*cr|| i 3) 
for all smooth compactly- supported 1-forms a on Yi for i = 1, . . . ,n. 

We remark here that the inequality in Proposition 18.61 is invariant under homotheties, 
which means the inequality also holds on (Yi, Jy i , t 2 iL>y i , t 3 flYi ) with the same constant. Now 
take C — max(Ci, C2), we have ||ct||l 3 < C(|| dcr|| ^,2 + ||rf*cr|| ^2) for 1-forms a on Mq and Yi 
for i = 1, . . . , n. 
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We now proceed to "glue" together the inequalities on M' Q and Yi to obtain an in- 
equality for 1-forms on M t for small t > 0. Choose u,v > with v < u < a such that 
tR < t a < 2t a < t u < t v < e for small t > 0. Let H : (0, oo) — > [0, 1] be a smooth 
decreasing function so that H(s) — 1 for s £ (0,v], and H(s) = for s € [it, oo). Define a 
function G t : M t — > [0, 1] by G t (x) = 1 for x e M \ UILi G t (a;) = ff(log r/log t) for 
x € Ti x (tR, e), i = 1, . . . , n, and Gt(x) = for sc S ifj C K;, i = 1, . . . , n. Observe that 
G t = on and T, x (tR, i u ) for i = 1, . . . , n, and G f = 1 on T 4 x (t v ,e) and M \ ULi $ 
for i = 1, . . . , n. 

Let <7t be a smooth 1-form on M t with dat = c t uj t — u>t- Since H (Mj,C) = from 
a general fact on compact Calabi-Yau manifolds, so cr t is automatically orthogonal to the 
space of closed and coclosed 1-forms on M t , and it follows that we can choose a t uniquely 
by requiring d*a t = 0, where d* is computed using the metric gt- 

Write at = Gt&t + (1 — Gt)dt- We can regard Gt<Jt as a compactly-supported 1-form on 
Mq, and (1 — Gt)(Jt a sum of compactly-supported 1-forms on Yi. Applying Proposition ^. 51 
to Gt(Jt 1 using the metric go on the support of Gt and putting the constant C = max(Ci, C2) 
gives 

\\G t a t \\ L3 < C(\\d(G t a t )\\ L 2 + \\d*(G t a t )\\ L2 ) 

< C(\\Gtd<j t \\ L 2 + \\dGthat\\ L 2 + \\dG t \\ L e ■ \\a t \\ L s + \\G t d*a t \\ L *) 

< C(\\Gtda t \\ L 2 + 2\\dG t \\ L * ■ \\a t \\ L3 ), 

where we have used d*Ot = and Holder's inequality. The same inequality holds with the 
metric g t , as it coincides with go on the support of Gt- For the 1-form (1 — Gt)(J t , since the 
support of 1 — Gt in Yi is K~i U (Ti x (tR,t v )) for i — 1, . . . , n, we apply Proposition 18.61 
using the constant C, and get 

||(1 - Gt)cr t | A : i u(r i x(tfl,t"))||L 3 

< C( ||<Z((1 - G t )o- t )| Jri u(r < x(tJi,t«))IU' + IK((1 - Gt)o- t )|j ClU (r < x(tK,t-))IU0 

< C( 11(1 _ G t )da t \K i u(T i x{tR,v>))\\t,' 2 + 2 IMGt|K i u(r 4 x(tfl,t"))l|L 6 ■ 11*^*1 jc*Lj(r 4 xCtje,f")) Hz, 3 

+ ||(1 - G t )d*cr t | ifiU ( riX ( ti?itt .))|| i 2) 

using the metric t 2 gYi- As the metric i 2 ^^ coincides with g t for r <t a , and is close to it for 
t a < r < t v , d* a t equals zero for r <t a , and is small for t a < r < t v , computed using t 2 gYf 
Thus by increasing C, we have 

||(1 - G t )(Tt\K t u(r t x(tRjv))\\L3 < G( ||((1 - G t )dat)\ Ki u(r,x(tR^))\\L 2 

+ 2||dG t |K i u(r 4 x(tfl,f))IU 6 ■ IktlifjucriX («,*»)) IU 3 )) 
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computed using g t . It follows that 

n 

||(1 - G t )a t \\ L 3 < ^ ||(1 - Gt)at\KiU(rix(tR,tv))\\L 3 

n 

< CJ2 (m-Gt)da t )\ KiU(riXW)) \\ L3 

i=l 

+ 2||<iG' t |K i u(r i x(t_R,t"))IU 6 • ll cr i|/f 1 u(r I x(i_R,t''))llL3) 

< CV^{\\(l-G t )da t \\ L 2 + 2\\dG t \\ L e ■ \\a t \\ L3 ), 

where we used the inequality of arithmetic and geometric means on the last row. Conse- 
quently we have 

\Wt\\ L > < \\G t a t \\ L 3 + \\(l-G t )a t \\ LS 

< C( \\G t do- t || ia +2||dGt||i. • \\a t \\ L ,)+CV^(\\(l-G t )da t \\ L 2+2\\dG t \\ L e ■ \\* t \\ L s), 

which implies 

(l-2C(l + V^)\\dG t \\ L e)-\\a t \\ L3 < C\\G t da t \\ L 2 + C ^ ||(1 - G t ) da t \\ L 2 

< C(l + Vn)\\da t \\ L 2 

as \\Gt d<Jt\\L 2 i ||(1 ~ Gt)da t \\L 2 < 1 1 <icr t 1 1 . Calculation shows that the L 6 -norm of dGt is 
given by 0(|log i| -5 / 6 ), which tends to zero as t — > 0. Thus for sufficiently small t > 0, we 
can make 

2C(l + Vn)||dGft||£6 < 1/2. 

Therefore 

lk|! L 3 < 2(7(1 + Vn)||dcr t || La , 

and hence we have proved: 

Theorem 8.7 Suppose at is a smooth 1-form on Mt with dat = Ct&t — wt and d*o~t — 0. 
Then there exists a constant K > 0, independent of t, such that 

IktlUa < K\\da t \\ L 2 

for sufficiently small t > 0. 

As we have seen earlier, |rfcr t | gt is of the same order as \{dr)t)( a ,x)\T x Mt\gt> an d so is given 
by (EH , i- e - \dcrt\gt = 0(t 3+K p^ 3 ) on balls of radius 0(p t (x)) about x e Mt, where p t 
is given in Q8.6p . Thus we have estimates of (d + d*)o~ t = dat and all derivatives, given 
by \V l da t \ gt = 0(t 3+K p^~ l ) for I > 0. Moreover, we have the global estimate ||do"t||£2 = 
0(t 3+K ) on the whole M t as in Theorem 18 .31 which implies ||ct||L 3 = 0(t 3+K ) from Theorem 
18.71 Now using similar arguments to the proof of Theorem 18. 31 the elliptic regularity for the 
operator d + d* and the global estimate ||cr t ||^3 = 0(t 3+K ) give 

\V l a t \ gt = 0(t 3 +«pt 2 - 1 ) 

fori > 0. It follows that we have the same estimates for \\7 l X t \ gt , and hence for \V l (ipt— 
which can be interpreted using local coordinates. Now this diffeomorphism estimate for / = 1 
is sufficient to prove our expected size for the term (fit — £lt)\N t ' 
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Proposition 8.8 In the situation above, the error term (Cl t — f2t)|jv t satisfies 



(0(t 3 +-) on N t n (Mo \ Ur=i Si), 

|(n t -n t )| Wt |^ = |o(i s+ ' t r- 3 ) on N t n(TiX(tR,e)), for i = l,...,n, 
[0(t K ) on N t n Ki, for i = l,...,n. 

Before proceeding to combining the errors to get the basic estimate in (|8.1(l , let us return 
to the issue on the uniform equivalence between the metrics h t and h t . We already got the 
size for (f2 t — fit)|iV t an d (u>t — ^t)\N t , both have same order. The size for (£t t — £lt)\N t an d 
(&t — &t)\N t are essentially given by the "difference" between the diffeomorphism ip t and 
the identity, and we have shown that it is of the same order as the size for (fi t — Q t )\pf t or 
(u) t — u>t)\Nt- It follows that the size for (Cl t — f2t)|jv t an d (w« — <^t)\N t nas the same order as 
(fij — n t )\N t or (uj t — u>t)\pf t . This implies the metrics ht and ht are uniformly equivalent in 
t, and therefore Propositions 18 . II 18 .41 and 18. 81 also hold for ht- 



We summarize the above estimates from Propositions 18.11 18.41 and 18.81 in the following 
table, measuring w.r.t ht: 





(Ci t -n t )\N t 




Im(n t )|iv t 


Nt n (M \ ULi Si) 


0{t 3+K ) 


0(t 3+K ) 





N t n{r t x (2i Q ,e)) 


0(t 3+K r- 3 ) 


( t 3+« r -3) 





JV t n(r< x {t a ,2t a )) 


^3(l-a)+K) 


( t 3(l-a) + «) 


( t (M-l)«) +0 ^(l-« i )(l-a)) 


N t n (r< x (tR,t a )) 


0(t 3+K r- 3 ) 


0(i 3+K r- 3 ) 







0(t K ) 


0(i«) 






Table 1. The estimate H8.1(l on different regions of Nt 



As in fJSJwe may write f2t|jv t = e ze '<iVt for some phase function e l8t on iV t . Here dVt is 
the volume form induced by the metric h t . Then Im(f2t)|jv t = sin# f dVt and from the table 
we have 

'o(i 3+K ) on iV t n (M \ U"=i 

0(t 3+K r" 3 ) on iV t n (I\ x (2P, e)), 

7 «l/ lt = \ 0(i 3(1 ~ a)+K ) + 0(i ( ^ 1)Q ) + O^-^Hi-")) on jv< n (r, x (t a ,2t a )), 
0(t 3+K r- 3 ) on AT t n (I\ x (i.R, t Q )), 

^0(i K ) oniVtHifi, 



for all z = 1, 



We also need to estimate the derivative d sin 6 t . Using similar arguments it can be 
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deduced that 



o(t 3 +*) onJV t n(M \ur =1 £i), 

0(t 3+K r- 4 ) on N t n (I\ x (2i Q , e)), 

|dsin0 t |^ = < 0(t 3 ( 1 -«)+«-«) + O^O- 1 )"-") + 0(t(i-«<)(i-<*)-«) on N t n (I\ x (t Q , 2t Q )), 
0(t 3+K r- 4 ) on JV t n (T, x (tR, t a )), 

Oit"- 1 ) on N t nKi, 

(8.9) 

for all i = 1 , . . . , n. Here we used equations l)4.1|l and (|7.1(l to obtain the bound on 
N t n{Ti x (P,2P)). 

As in part (i) of Theorem l6.1l we need bounds for ||sin#{|| L 6/5, ||sin0t|| c n and ||dsin0t||i, 8 > 
computing norms w.r.t. h t . Since vo\(N t n K t ) = 0(t 3 ) and val(N t n (Ti x (t a ,2t a ))) = 
0(t 3a ), and vol(JV t n (M \ U™ =1 $•)) = 0(1), it follows that 

/ ra / „ e \ 5/6\ 

|| S m0 t || L6/5 = 0(l) 5 /6 . oqS+k) + o I vol(E,) 5/6 (j (t 3+K r - 3 ) 6 / 5 r 2 drj J 

n 

+ o(t 3a ) 5/6 • (o(t 3(1 " Q)+K ) + o{&~ 1)a ) + ^o(t (1 - Ki)(1 - Q) )) 

i=l 

+ fe vo^E,) 5 / 6 ^jf' (t 3 +-r- 3 ) 6 / 5 r 2 dr^J \ + 0{t 3 f' 6 ■ 0(t K ) 

n 

= o(i 3(1_Q)+K+5Q/2 ) + 0{t { ^ 1)a+r ° a/2 ) + ^0(t( 1 - K i)( 1 - Q )+ 5a / 2 ) 



+ 0(t K+5/2 ) 
using l|8.8|) . Similarly, we have 

||sm<9 t || c o = 0(t 3+K ) + 0(t 3+K (2t a )- 3 ) + 0(i 3(1 ~ Q)+K ) + 0(t ( ^ 1)a ) 

71 

+ X! ( <(1 ~ Kl)(1 ~ Q) ) + 0(i 3+K (ii?)" 3 ) + 0(i K ) 



(8.10) 



^3(l-a) + ^ + O ^0»-l)aj + ^ O ( t (l-«0(l-o)) + 0(t K ). (8.11) 
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Using the estimate <|8.9[) for the derivative, we have 

||dsm0t||i6 = 0{l) 1/e ■ 0{t 3+K ) + vol (^) 1/6 ^ {t 3+K r- 4 ) 6 r 2 dr^j ' 

n 

+ °\it vol (S,) 1/6 (j* (t 3+K r- 4 ) 6 r 2 d^ J + Oft 3 ) 1 / 6 ■ Oit"- 1 ) 

n 

1=1 

(8.12) 

Now for part (i) of Theorem lti.il to hold, we need: 



K + 5/2 > k' + 3/2, 3(1 - a) + k + 5a/2 > k' + 3/2, 

(/i-l)a + 5a/2> k' + 3/2, and (1 - Ki)(l - a) + 5a/2 > k' + 3/2 



.13) 



from 



k > k' - 1, 3(1 - a) +k > k' - 1, 

(fj, — l)a > k' — 1, and (1 — Ki)(l — a) > k' — 1 



.14) 



from H8.11|) . and 



K - 1/2 > k' - 3/2, 3(1 - a) + k - a/2 > k' - 3/2, 

(/z- l)a-a/2 > -3/2, and (1 - - a) - a/2 > k 1 - 3/2 



3.15) 



from (JEHU). 



Calculations show that given n > 0, /x > 1 and < —3/2, we can choose k' > 1 close 
to 1, and a £ (0, 1) close to 1, such that JHH3J), and hold. Here is the place 

where we need to assume the rate Ki of AC SL 3- folds Li to be less than —3/2. As we have 
fixed the rate \ of the AC Calabi-Yau 3-fold Yi to satisfy Xi < —3, and also we require 
Ki > Xi + 1 in Definition 15. II so that assuming Ki < —3/2 is still possible. 

Therefore, we have shown that there exist k' > 1 and A 2 > such that ||sin# t || i6 /5 < 
A 2 t K '+ 3 / 2 , ||sin0 t || c o < A 2 t K '- 1 and \\dsm6 t || L 6 < A 2 i K '~ 3/2 for sufficiently small t > 0, i.e. 
(i) of Theorem IO holds for N t . 



9 Desingularizations of N ( 







This section gives the main result of the chapter, the desingularizations of SL 3-folds 
No with conical singularities. The proof of it is based on an analytic existence theorem for 
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SL 3-folds, Theorem 16.11 which is adapted from Joyce's result Thm. 5.3]. We have 
already verified part (i) of Theorem 16. II in £J8J and it remains to check (ii) to (v) hold for the 
Lagrangian 3-folds Nt we constructed. 

Theorem 9.1 Suppose (Mo, Jo, u>o, tio) is a compact Calabi-Yau 3-fold with finitely many 
conical singularities at X\, . . . ,x n with rate v > modelled on Calabi-Yau cones Vi, . . . , V n . 
Let ( Y\ , Jy 1 , toy 1 , tiy 1 ))•••! (Y n , Jy„ , wy n , tiy n ) be AC Calabi- Yau 3-folds with rates Ai , . . . , 
A„ < —3 modelled on the same Calabi-Yau cones V\, . . . , V n . 

Then Theorem \2.13\ gives a family of Calabi-Yau 3-folds (M t , J t ,& t ,Cl t ) for sufficiently 
small t > 0. Apply the diffeomorphism ip t : M t — ► M t on M t to get Calabi-Yau structures 
(J t ,UJ t ,ilt), as in jQ 

Let No be a compact SL 3-fold in Mo with the same conical singularities at x±, . . . , x n with 
rate [i G (1,^+1) modelled on SL cones C±, . . . , C n . Suppose Nq \ {x\, . . . ,x n } is connected. 
Let L\ 1 . . . , L n be AC SL 3-folds in Y\, . . . ,Y n with rates K\ € (Ai + 1, —3/2), . . . , K n € 
(A„ + 1, —3/2) modelled on the same SL cones C\, . . . , C n . 

Then there exists a family of compact nonsingular SL 3-folds N t in (M t , J t ,Lo t ,£l t ) for 
sufficiently small t, such that N t is constructed by deforming the Lagrangian 3-fold N t which 
is made by gluing Li into Nq at xi for i — 1, . . . , n. 

Proof. First of all, we have to check that N t satisfies the conditions in Let us start with 
evaluating the integral J N Im(Ot). Calculation using l|8.8|l shows that 

/ Im(O t ) = 0(t 3+r ) 

JN t 

for some r G (0, k). As mentioned in ^ we can rescale the phase for fit by tit i— > e 1 ^ tit 
such that J N Im(e ll ' t tit) = 0. Thus we have sin^t i— * sin(^ + (t) ~ sin(^t) + Ct, and the 
size for the term (t is approximately given by the ratio between J N Im(f2 t ) and J N Re(f2t). 
Now since f N He(Cl t ) w vol(iV t ) = 0(1), the correction term Q essentially contributes 
0{t 3+T ) to sin(^t). As we have shown that ||sm(0 t )|| i6 /B = 0(t K '+ 3 / 2 ) for some k' > 1, then 
||sin(0 t + Ct)||x-«/B = 0(t K '+ 3 / 2 ) + 0(t 3+T ). The term 0(t K '+ 3 / 2 ) will then be dominant if k' 
is close to 1. As a result, the rescaling of phases does not affect the L 6 / 5 -estimates in (i) of 
Theorem 16. II at all. For the terms ||sin(# t )||co and ||dsin(# t )||£6, calculation shows that the 
rescaling of phases does not affect the estimates as well. 

As we have assumed Nq \ {xi, . . . , x n } is connected, we can take the finite dimensional 
vector space W to be the space of constant functions, i.e. W = (1), as in 

Under our construction, N, h and h in ^Elare replaced by N t , h t and ht respectively, and 
we thus need to show (i), (iii), (iv) and (v) hold using the metric ht on Nt, and (ii) holds 
using the metric h t on T* N t . Basically the proof for (iii) and (iv) using the metric ht and 
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for (ii) using the metric h t can be found in |161 Thm. 6.8], and the proof for (v) using the 
metric h t is given in |161 Thm. 6.12]. Thus our approach to showing (ii)-(v) in Theorem 
16. II is to apply Theorems 6.8 and 6.12 in |16| together with the uniform equivalence between 
the metrics ht and ht- 

We have shown in S0that given k > 0, [i > 1 and m < —3/2 for i = 1, . . . , n, there exists 
k' > 1 and A2 > such that (i) of Theorem 16.11 holds for sufficiently small t > 0, measuring 
w.r.t. the metric ht- 

For part (v), Theorem 6.12 in ^H] shows that there exists Aq > such that (v) holds us- 
ing the metric h t . Note that the assumption on the connectedness of Nq\{xi, . . . ,x n } is used 
here. The fact that v S L 6 (N t ) follows from L\(N t ) ^ L 6 (N t ) by the Sobolev Embedding 
Theorem (see for example ^3 Thm. 1.2.1]). The idea of proving the inequality for the met- 
ric h t on N-t for small t is to combine the Sobolev embedding inequalities on 7Vo\{:ei, . . . , x n } 
and Li. Now as h t and h t are uniformly equivalent metrics, so (v) is true for h t if and only 
if it is true for ht- As a result, by making Aq larger if necessary, (v) holds with the metric h t . 

To deduce (iii) and (iv) for ht, we first apply Theorem 6.8 in ^Sj to show they are true 
for h t for some A4, A3 > 0. The idea of which is to consider the behaviour of the metric ht 
for small t. Since h t is t 2 g Yi \[ Ji on Hi and on (r(rfui,i)) near x {tR 1 } for each i, we 
have 8{t 2 g Yl \L i ) = tS(g Y ,\L z ) and \\R(t 2 g Yl kJHc = £~ 2 ||-R(.9y-JlJ||c°- For small t > 0, the 
dominant contributions to S(h t ) and ||i?(/i t )|| c o come from S^gy^Li) and H-R^ 2 ^ |lJ||c° 
for some i, and hence we have 5(ht) = 0(t) and ||i?(/it)||co = 0(t~ 2 ). Now we prove (iii) 
and (iv) also hold, increasing At, A5 if necessary, for h t by showing the metrics t~ 2 ht and 
t~ 2 h t are C 2 -close w.r.t. t~ 2 h t (compare to the similar argument in the proof of Theorem 
3.10 in 7 ). From the estimate we know using elliptic regularity on balls of radius 0(t), 
we have \(dr]t)( s ^ x ) |r x A/ t \ gt = 0(t K ) for (s,x) e S 1 x M t . Here we do not need to use the 
improved estimate for drjt as in SjHl Then we have |(V 9t )' {d-qt)( s ,x) |t x m 4 \ gt — 0(t R ~ l ) for 
I > 0, where V 9t denotes the Levi-Civita connection of gt- This implies 

\(v^) l (nt-n t )\ gt - o(t K ~ l ) - \(w 9t ) l (Cj t -ujt)\ gt for/>o, 

and from Moser's argument in we also have 

\(w 9t ) l (n t -n t )\ gt - o(t K - 1 ) - \(v^) l (oj t -ut)\ gt for/>o. 

Putting together implies 

\(V gt ) l (9t-9t)\ gt = 0{e- 1 ) forZ>0. (9.1) 

Denote by V ht the Levi-Civita connection of ht = gt\N t - Then we have 

V 9t (3t - 5t)Ut = V ht (/i t - h t ) + bilinear terms in (g t - g t )\N t and T, 

where T is the second fundamental form of N t in M t w.r.t. g t . The largest contribution to 
\T\h t comes from the second fundamental form Tj Ji of Li in Yi w.r.t. t 2 g Yi - As I^lJ^ \ l 
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is bounded on Lj, conformal rescaling then shows \Ti Ji \ t 2 gY u. = 0(/ x ). Thus we have 
\T\ht = Oir 1 ), and more generally | (V h *) l T\ ht = 0(t"^ 1 ) for I > 0. The estimate for the 
I th derivative of h t — ht then follows from the relation 



\^ at )\9t-9t)\N t \ h =\{V ht ) l (h t -h t ) h +0(J2\(V ht ) j T\ ht .\(^) l -j- 1 (g t -g t )\ Nt \ ht 

+ o(J2\ (v ht ) n T \ ht • I (v h *y*T\ ht ■ \(y*) l -*-»- a & - 9t )\N t \ ht ) 

+ ... + 0(\T\ ht --\T\ ht -(g t -g t )\ Nt \ ht ). 
Note that the terms O(-) all have size 0(t K ~ l ), and therefore by l|9.1[l we see that 



{V nt y(ht-h) = 0{e- L ) forZ>0. (9.2) 

ht 

In particular, l|9.2jl shows \h* — h*\h.. t \V ht (ht-hA\h. and t 2 \{V ht ) 2 {h t -ht)\h t are all of size 
0{t K ). It follows that \t- 2 h t -t~ 2 h t \ t -2 ht , |V t_2,l '(i- 2 ^-i- 2 /i t )| t -2 ht and |(V t ~ 2,lt ) 2 (^ 2 ^- 
t~ 2 h t )\ t -2ht are & H °f the same size 0(t K ), where V* 2ht and | • \t-?h t are computed using 
t~ 2 h t . Therefore the metrics t~ 2 h t and t~ 2 h t are C 2 -close w.r.t. t~ 2 h t for small t, and 
hence (iii) and (iv) are true for ht as well. 

We remain to show (ii), using the metric ht and the connection V ht on T*N t . Here we 
recall the construction of h t and V ht , as in fU Write T(T*N t ) = H t ®V t , where H t = TN t 
and Vt = T*N t are the horizontal and vertical subbundles w.r.t. V ht , and define ht\H t = 
and /it | v t = h^ 1 . The connection V' 1 ' is given by the lift of the Levi-Civita connection 
V ,lt of h t in H t , and by partial differentiation in Vt- Following the steps in Definition 
6.7 in |16|. we define Lagrangian neighbourhoods C/jv t , ^jv 4 for Nt by gluing together the 
Lagrangian neighbourhoods Un , ^n for Nq from Theorem 14 . 21 and Lagrangian neighbour- 
hoods ULi, for Li from Theorem 15.21 The neighbourhood Un ± is an open tubular 
neighbourhood of N t in T*N t , and \l/jv t : t/jv t — ► Af* is an embedding with ^jv t |iv t = Id 
and (wt) = uJT'Nt where uJT*N t is the canonical symplectic structure on T*N t . Re- 
call that we have CttDt = u>t, so (cttbt) = u>T*N t - Now we define 3-forms fit and /3t by 
A = 4^ t (Im(Q t )) and & = *^(Irxi(cf 2 Q*))- 

Using arguments in Theorem 6.8 in ^B], we have || (V ht ) l flt \\c° < A3 t~ l for Z = 0, 1, 2, 3 
on B^jt C t/jv t for some Ai, A3 > 0, where the norm is measuring w.r.t. h t . To prove (ii) 
in our case, we try to get from estimates on /3 t to estimates on (3 t - Note that (3t and /3 t are 
C'-close w.r.t. t 2 g t . This follows from | (V 9t )'(O t - Q t ) \ gt = 0{t K - 1 ) = \{V 9t ) l {u t - 0Jt)\ gt 
for I > 0, which we have discussed earlier. Combining the C l+1 -closeness of t~ 2 h t and t~ 2 h t 
from l|9.2[l . we get a similar estimate for /3 t , using the metric /it. Thus making A\ smaller 
and A 3 larger if necessary, we obtain || (y ht ) l j3 t \\c° < A3 t~ l for I = 0, 1, 2, 3 on S^it C U~N t , 
where the norm is computed using h t . 

The theorem now follows from Theorem 16.11 which shows that for sufficiently small Z > 
we can deform Nt to a nearby special Lagrangian 3-fold Nt = (^N t )*(^{dft)) f° r some 
ft E C°°(N t ) with f N ftdVt = and \\df t \\ c « < Kt K ' < A x t. This completes the proof of 
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Theorem O 



□ 



10 An application of the desingularization theory 

We conclude with applying the result of <J5] to the case where the ambient Calabi-Yau 
3-fold Mo is the Calabi-Yau 3-orbifold T 6 /Z3, as described in the last part of H2.4I We shall 
take the SL 3-folds Nq with conical singularities as the fixed point set of some antiholomor- 
phic involutions on those Calabi-Yau 3-folds, whereas the AC SL 3-folds Li will be taken 
from examples in M5. 21 inside the corresponding AC Calabi-Yau 3-folds. 

Example 10.1 Take the Calabi-Yau 3-fold Mo with conical singularities to be the Calabi- 
Yau 3-orbifold T 6 /Z 3 . Applying our desingularization result in Thcorcm l2.13l we can desin- 
gularize T 6 /Z 3 by gluing in AC Calabi-Yau 3-folds i^cr 2 at the singular points, obtaining 
the crepant resolution of T 6 /Z 3 . 

Now we produce examples of SL 3-folds Nq with conical singularities in T 6 /Z 3 by using 
the fixed point set of an antiholomorphic isometric involution, a well-known way of produc- 
ing special Lagrangians in Calabi-Yau manifolds. Recall that an antiholomorphic isometric 
involution of a Calabi-Yau manifold (M, J, w,fi) is a diffeomorphism a : M — ► M such 
that a 1 = Id, cr*(J) = — J, er*(w) = —u), er*(£l) = and a*(g) = g, where g is the associated 
Calabi-Yau metric. 

Let <To : T 6 — ► T 6 be the complex conjugation given by 

cr : (^1,^2,23) + A 1 — > (zi,z 2 , 23) + A, 

which is well-defined as A = A. The fixed points of ctq satisfy Zj — Zj + aj + 6jC f° r some 
a,j, bj € Z. Write Zj = Xj + yjC, for Xj, yj G M. It follows that Zj = Xj + a,-£ and bj = 2dj, 
and hence the fixed point set of <7o is given by 

{(xi,X2,X3) + A : Xj G R}, 

and is then topologically a T 3 . 

Since oq ■ Q ■ a^ 1 = ( _1 , the map ao on T 6 induces a conjugation a on T 6 /Z3 which is 
given by 

a : Z 3 ■ (zi, z 2 , z 3 ) + A 1 — > Z 3 ■ (z\, z 2 , z 3 ) + A. 

Observe that <7o swaps (T 3 and C 2 T 3 , and fixes T 3 as above. But in the orbifold level, 
T 3 , CT 3 and C 2 r 3 are the same. Moreover, it is not hard to see that the map T 6 — ► T 6 /Z 3 
is injective when restricted to T 3 C T 6 , which means the image of T 3 in T 6 /Z 3 is homeo- 
morphic to T 3 . As a result, the fixed point set of a is topologically a T 3 , and is given by 
(Z 3 • T 3 )/Z 3 , which is then our SL 3-fold N in M = T 6 /Z 3 . 
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It is worth knowing how a acts on those 27 orbifold singular points, and see how many 
of them are being fixed by a, which will then be the singular points of the SL 3- fold No- It 
turns out that a only fixes the point Z 3 • (0, 0, 0) + A, i.e. in T 6 /Z3, and swaps the other 
26 points in pairs, for example, Z 3 • (0, + A < — > Z 3 • (0, + A. This means 

that we have constructed an SL 3-fold No, which is topologically a T 3 , with one singular 
point at in T 6 /Z 3 , modelled on the SL cone (Z 3 ■ K 3 )/Z 3 in C 3 /Z 3 . 

To desingularize this Nq we glue in at the singular point some appropriate pieces of AC 
SL 3-folds in the AC Calabi-Yau 3- folds the canonical bundle over CP 2 . As we have 

discussed in H2.4I the Calabi-Yau desingularization we obtain is the crepant resolution of 
orbifold T 6 /Z 3 , and so the nonsingular SL 3-folds we constructed will sit inside this crepant 
resolution. Our first example of an AC SL 3-fold will be taken from Example 15.31 in which 
the real line bundle K RP 2 over RP 2 is constructed as the fixed point set of an antiholomor- 
phic isometric involution. By gluing this K-gp* into No = (Z 3 • T 3 )/Z 3 at the singular point, 
we obtain a nonsingular SL 3-fold in the crepant resolution of Mo = T 6 /Z 3 . Topologically, 
what we obtain will be a real blow-up of T 3 at a point, i.e. replacing a point by an MP 2 , 
which can also be interpreted as a T 3 #RP 3 . As we have discussed in Example 15. 31 the AC 
SL 3-fold ATrp2 has rate K = — 00, and in order to fit into our desingularization theorem, we 
could choose the rate for K RP 2 to be any n £ (—5, —3/2). 

The next example of AC SL 3-folds in K$y,2 is given by Example 1 5. 41 There we have con- 
structed a family of SO(3)-invariant SL 3-folds L c diffeomorphic to S 2 x R which converges 
to two copies of the cone ((Z 3 • R 3 )/Z 3 ) in <C 3 /Z 3 . If we now take No to be a connected 
double cover of T 3 so that we have two singular points in the same place in Mo — T 6 /Z 3 
(and No \ {0} is connected), we can desingularize this No by doing the connected sum with 
an S* 2 x R, obtaining an SL 3-fold which is homeomorphic to a T^^S 1 x S 2 ) in the crepant 
resolution of T 6 /Z 3 . We mentioned in Example 15.41 that one possible L c will be a double 
cover of ATri»2 , which means the family of nonsingular SL 3-folds we constructed here will be 
deformations of a double cover of the SL 3-fold T 3 #RP 3 in the first example. Notice also 
that each L c has rate —2, as discussed in Example 1 5. 41 and so our desingularization theorem 
works. 
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